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ABSTRACT : The aim of this paper is to continue the unification of some concepts in topological 
spaces similar to compactness. The relations between the (Я, ф)-сотрасіпеѕѕ, filters and (Я, «p)-closure 
operators are investigated. Some equivalence forms of quasi H-closed space and nearly compact space 
are given as an application. 
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1. INTRODUCTION 


Various unifications by using operations and some similar concepts have been studied 
in [1, 3, 5, 6, 7, 8] such as compactness, countable-compactness, filter convergence and 
continuity. In this paper, the relations between the (A, «p)-compactness, filters and (Я, p)-closure 
operators are investigated. Some equivalent forms of quasi H-closed space and nearly compact 
space are given as an application. 


2. PRELIMINARIES 


Throughout this paper, by (X, т) we will denote a topological space with no seperation 
properties assumed on X. Let A be a subset of a topological space (X, т). X\A will denote 
the complement of A in X. The closure of A and the interior of A with respect to t are denoted 
by clA and intA, respectively. A is said to be semi-open (preopen, regular open, a-open) if 
A c cl(intA) (A с int(clA), А = int(clA), А с int(cl(intA))). The complement of a semi-open 
(preopen, regular open, a-open) is said to be semi-closed (preclosed, regular closed, a-closed). 
Semi-closure and pre-closure are defined in a manner analogous to the corresponding concept 
of closure; scl and pcl will denote the semi-closure and the pre-closure operations. The 6-closure, 
ó-closure, O-interior and 5-іпѓегіог are defined in the following way and denoted by Ocl, бс, 
Oint and dint, respectively. 


Let A be a subset of X. 
ӨсІА = [x € X:: for every open set U containing x, {7 A А # 9}, 
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СА = (x € X : for every regular open set U containing, x, U ^^ А # $}, 
OintÀ = (x € X : there exists an open set U containing x such that x e Uc [7 c A}, 
dintA = (x e X : there exists a regular open set U containing x such that x e Uc A). 


А is said to be Ө-ореп (&-open, &closed, eed if A = OintA (A= ÓintA, А = OclA, 
= ÓclA), respectively. s. 


Now, we give the following basic definitions. 


Definition 2.1. Let (X, т) be a topological space. A mapping Ф : P(X) > P(X) is called 
an operation on (X, t) if 


1) A?c @(A) for all A є P(X) 

i) «(0)- 0. 

The class of all operations on a topological space (X, т) will be denoted by O(X, т). 
If not otherwise stated, all operations will be defined on (X, т). 

Definition 2.2. Let (X, т) be a topological space. 


i) A partial order "S" on O(X, т) is defined as фу < Ф, <> Фф (A) Ф, (A) for each 
A e P(X). : 


ii) An operation ọ € O(X, т) is called monotonous if Ф(А) c Ф (B) whenever А c 
B (A, B e P(X). 


Definition 2.3. Let o € O(X, т) and, A, B с X. A is called ф-ореп if A c @(A). Likewise 
B is called q-closed if X\B is @-open. 


Operation o^ є O(X, т) is called the dual operation of ф if ф`(А) = XVo(XVA ) for 
each A є P(X). 


Let ф є O(X, т), М с Р(Х), x e X. We use ilie following notations. 
ФО(Х) = {U : Uc X, U is ф-ореп}, 
ФО(Х, х) = (U: U e qO(X), x e U}, 
Ux)={U:xeU e U}, 
= {U:X\U e u}. 


Note that for any operation € O(X, т), т c ФО(Х) and X and are both ф-ореп and 
Q-closed. If @ is monotonous then qO(X) is closed under arbitrary unions. 


For the benefit of the reader we will recall necessary definitions and results in [6, 8]. 
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Definition 2.4. [5] Let X є A c Р(Х), A c X and ф e ОС, т). 

a) хе (Я. ф)-сІА <> for each U e Я(х), QU) с\ A = 6. 

b) хе (A, q)-intA < there exists an U € A(x) such that q(U) c A. 
Definition 2.5. [5] Let фу, Ф, Е O(X, т), A c X. 

a)xe Ф| ЙА exe (o, O(X), »)-intA. 

b) x € Q5clA > x € (QOX), Ф.-с. 

C) А is фу j-open €» А C 9, jintA. 

d) A is фу closed <> фу ,clA с A. 


For Pp P € O(X, т), 9, 0(X), 9, 3C(X) will stand for the family of Q,-open sets 
and Фф ;-closed sets, respectively. 


Example 2.6. Let фу = int, Ф, = intocl, фу = int and фу = cl. Then, 
a) x € ФА < x є 6-intA, 

b) x € Ф; 4infA <> х є O-intA, 

C) x € Q9, 5clA €» x € &clA, 

d) x € Q44,clÀ €» x € 0-clA. 

Theorem 2.7. Let X є A c P(X), A c X and ф є O(X, т). Then, 
X\(A, Q)-intA = (A, q)-cl (X\A). 


Proof. Let x e Х\ (Я, q)-intA. Then x є (Я, q)-intA. For each U e A(x), q(U) с A, 
ie. for each И є A(x), we have q(U) A (X\A) = . Hence, х є (Я, ọ}cl (X\A). 


Conversely, let x є (Я, q)-cl(X VA). Then, for each И e A(x), we have (ХХА) ^ q(U) 
* , ie. foreach И e Ax), q(U) < A. Hence, x ¢ (Я, q)-intA. 


Theorem 2.8. Let фу, 9, € OCX, т), A= {9 (U) : U 9,000). Гяс X c O,O(X) and 
PPU) < pU) for each И Е ф,О(Х), then for any А с X, 
a) x € ФритА €» x є (A, @,)-intA. 
b) x € gi 5clA €» x e (ЖЯ, p,)-clA. 
с) If 94 € O(X, т) and AC ФзО(Х) c фуО(Х), then we have, 
i) x € Q 4infÀ €» x € фу „ША < x є(Я, Q,)-intA. 
li) x € @,,clA > x € $; СА < x є (Я, @,)-clA. 
ш) А Еф, 0(X) <> A є q,,0(X). 
iv) АЕ фФ,„С(Х) > АЕ фз2С(Х). 
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Proof. 


a) 


b) 


c) 


(=) Let x € 9, 2ітА. Then there exists ап U є ф|О(Х, x) such that 9,(U) с A. 
Since хе U c 9,(U) and 9,(U) є A, we have 9,(U) є Alx) and (p (U) c 
@(U) c A. Hence, x € (Я, 9,)-intA. | ^ 

(<=) Let x € (A, @,)-intA. Then there exists an U є A(x) such that 

PU) с A. Since Ac 9, O(X), we have x € U € 9, O(X, x) and 9,(U) c A. Hence, 
X € 9, jintA. 

(=>) Let x € Ф 5clA and ИЕ A(x). Since x e U and Е Q9, O(X, x), we have 92(U) 
ПА # 0. Hence x € (A, @,)-clA. 

(==) Let x € (A, 95)-clÀ and И є 9,0(X, x). Since x e U c ọ (U). 9 (U) є A 
c f, 9,(U) € A, so, pp (U) ANA = 0. Since Ф,(Ф(0)) C Q4(U), we have 9,(U) 
OA = 0. Hence, x € 9, 0А. 


If we take ф.О(Х) or A instead of A in (a) and (b) proofs are clear. 


The following important topological spaces will be denoted as follows: 


т: the topology of all &open sets in (X, т) (i.e. the semi regularization topology of X 
with the base RO(X) the family of regular open sets). 


* : the topology of all a-open sets in (X, 1). 


19, : the topology of all @open sets in (X, 19). 


Note 2.9. The following equailites can be written by using operations from [5]. 


For any open set U in the topological space (X, т) we have 


7 = 


OclU = t,clU = t%clU = pclU and for any a-open set U in (X, т), 


we have [7 = t%clU = тс. 


Hence, for any 1-closed set K, we have 


tintK = OintK = t,intK = preintK = t%intK. 


Example 2.10. Let 9, = intocl, фо = cl, фз = int, Фф, = intocloint. 
Then q,O(X) = PO(X) = the family of preopen sets, Q40(X) = т, 
Q,0(X) = 1", КОХ) ст, стс те c PO(X). 


Я = (9107: U € @,O(X)) = {U2 :Ue PO(X)} = RO(X) с PO(X) 


For each U € 9,O(X) = PO(X), ọọ (U) = ОЎ с 0 = e«(U). 
Then by Thm. 1.7 and Note 1.8, we have for any A C X, 
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X € Q ША €» x € Фф, „ША <> there exists an U є т(х) such that {7 CA 
<> x € Ө intA. 


And so, x € (PO(X), 1cl)-intÀ €» x є (т, tel)-intA < x є (т, Ocl)-intA €» x € (т, т сђ)- 
їтА €» x € (т, t,cl)-infÀA < x € (т, 1*cl)-intÀ < x € (т, pel)-intA <> x є (RO(X), 1cl)- 
intA <> x Є(КО(Х), Ocl)-intA <> x є (RO(X)), t,cl)-intA <> x є (RO(X), t%cl)-intA <> x є 
(RO(X), pel)-intA < x є (1, 1cl)-intÀ < x € (t, Ocl)-intA < x € (t, т.с мА < x € 
(To 1?cl)-intÀ €» x € (т, pel)-intA <> x є (19, 1cl)-intÀ < x € (19, t cl)-intA < x є (19, 
1*cl)-intA. 

А Еф, 50(X) = А с Q,,intA <> А C OintA €» А єт <А € АЕ (т). 


Likewise, the equivalent forms of (PO(X), 1cl)-clA can be written using Thm. 2.8. and 
Note 2.9. 


The following definitions follow the pattern set in [3]. 


Definition 2.11. Let ф € O(X, т), Хе A c Р(Х) and F be a filter (or filter-base) in 
X and а € X. Then F said to be : 


a) (A, Q)-accumulates to a фа €e^((A, 9-clF : F є F}. 


b) (A, @)-converges to a if for each U є Ala), there exists an F € F such that F 
с Ф(0). 


Definition 2.12. [6] Let Ф|, Ф, € O(X, т) and F be a filter (or filterbase) in X and 
a € X. Then F said to Бе: 


а) Q,5accumulates to a if a eq, zclF : F € F}. 


b) Q,5-converges to a if for each И Е 9,0(X, a), there exists an Е € F such that 
F c (U). 


Theorem 2.13. Let ọ є О(Х, т), X e A c P(X) and a e X. 


1) A filterbase F „ (A, 9)-accumulates ((A, 9)-converges) to a iff the filter generated 
by Fy (Я, 9)-accumulates ((A, ф)-сопуегвез) to a. 


2) If 9, (A, Ф)-сопуегве; to a, then F, (A, 9)-accumulates to a. 

3) Let f c F for the filters F and F'. Then, 

a) РӮ, (A, o)-accumulates to a, then F, (A, q)-accumulates to a. 

b) ДҮ, (А, o)-converges to a, then F, (A, 0)-converges to a. 

4) ИТ is a maximal filter which (A, q)-accumulates to a, then F(A, q)-converges to 


a 
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5) If o is regulaer w.r.t. Alie. for each x Е X ана U, V є A(x) there exists ап W 
€ A(x) such that Ф(И) с Ф(0) © g(V)) then, T, (A, Q)-accumulates to a iff there 
exists a filter '' such that F с F and F'(A, p)-converges to a. 


6) РА T Aand 2 ф for the operations ф,ф' € O(X, т), then F, ( A', q')-accumulates 
((A', 9')-converges) to a whenever F, (A, ф)-асситиіаіеѕ ((A, ф)-сопуегвез) to a. 


Proofs of (4). (5) and (6) can be made in a similar way in [6]. The others are clear. 
Example 2.14. Let F be a filter in X and а € X. 
a) Іф = int, фу = cl, then 
F Ф| ,-accumulates to a < F r-accumulates to а, 
F Q,5-converges to а <> F r-converges to a [2]. 
b) Рф = int, Ф, = intocl, then 
F Ф| 5-accumulates toa & F -accumulates to a, 


F Ф з-сопуегвеѕ to a <> F õ-converges to a [3]. 


3. (А, ọ)-COMPACTNESS 

Definition 3.1. [6] Let ọ є O(X, т), X є A c P(X) and A є P(X). Whenever A c UU 
for any subfamily U of A if there exists U, .... U, € u such that А c U'_,9(U), then we say 
that the set A is (A, ф)-сотрасі set relative to X (for short, (A, q)-compact set). 

We call an (A, i)-compact set as A-compact set. 

If X itself (A, q)-compact, then X is called (A, q)-compact space. 

For ф\, Фо € O(X, 1), if we take. A = q,O(X), we call an (Я, Ф,)-сотрасі set as ф|у- 
compact set. | 

Theorem 3.2. [6] Let A = (9,(U) : U € p,O(X)} and AC А c q,O(X) and the following 
statements are given for any A є P(X). | 

a) A is Q, j-compact set. | 

b) A is (A, Ф,)-сотрасі Set. 

с) A is (A, ф>)-сотрас! set. 

Then clearly а => b => c. If we add the condition 9,(9 ,(U)) C Q(U) for each U є 9,0(X), 
then с > a. 


Theorem 3.3. [6] Let X є Я с Р(Х), $, ф є O(X, t). If for each U € A q(U) = o'(U), 
then for any A c X the following are equivalent. 
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i) A is (A, )-compact set. 

ii) A is (A, @')-compact set. 

Theorem 3.4. Let фу, 95, фз € O(X, т), A c X. If o4(U) = 9,(U) for each О є 9, O(X), 
then the following are valid. 

1) For each A c X, 

а) ФА = Фу зима. 
b) фу 5clÀ = 9, 4clA: 

2) 99,50(X) = Ф 30(X) 

3) 9,5C(X) = Ф, 4C(X) 

Example 3.5. Let 9, = int, 9, = cl, 94 = t,cl, 0, = pel, фз = Tcl, O = 961. Then 

Q, 5infÀ = Q,4intA = Q, 4intA = Pı 5intA = QigintÀ = OintA. 

9, 50(X) = 9, 30(X) = 9, ,0(X) = 9, 50(Х) = 9, 6О(Х) = Tp. 

It is well known that a compact space have been characterized in terms of filters. We 
now establish an analogous results for (A, ф)-сотрастез$ with the following theorems Thm.3.6. 
and Thm.3.7. are the adaptation of the Theorem 2.1. in [3]. 

Theorem 3.6. Let p € O(X, т) and X € A c P(X). Then the following are equivalent. 

а) А is (A, @)-compact set. 

b) Every filterbase in X which meets A, (A, q)-accumulates to some point in А. 

c) Every maximal filterbase in X which meets A, (A, q)-converges to some point in 

A. 
d) Every filterbase in A, (A, q)-accumulates in X to some point in А. 
e) Every maximal filterbase in A, (A, ф)-сопуегяез in X to some point in А. 
f For any family W of nonempty sets with (Я, Q)-clF : Е є W))nA = 0, there 
exists a finite subfamily МУ such that (CW')^A = 9. 

B) For any family W of nonempty sets such that for each finite subfamily W of W 
we have (УМ?) ^ А = 6, then (Q{(A,Q)-clF : Е є WHOA # 0. 

h) Jf F, is a filter base such that (C((A,9)-clF : Е € F})OA = 0, then there exists 
an F € F such that FO A = Q. 

If Q is the dual of Ф, then the following statement (i) and (j) are equivalent to each 
one of the above statements. 

i) For any subfamily Ф of Æ with АСКОФ) = 0, there exists a finite subfamily 4» 

of Ф such that AN(N{G(F): ЕЕ Ф'}) = 6. 
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p If ® is a subfamily of Æ such that for each finite subfamily Ф' of Ф we have 
ANN @(F) : Fe®'}) = 0, then ANOD) + 9. 

Theorem 3.7. [7] Let фу Ф, є O(X, т). Then the following are equivalent. 

a) А is Ф -compact set. 

b) Every filterbase in X which meets A, q, ;-accumulates to some point in А. 

с) Every maximal filterbase in X which meets A Ф ;-converges to some point in A. 

d) Every filterbase in A, Фф j-accumulates in X to some point in A. 

e) Every maximal filterbase in A, Ф у-сопуег ев in X to some point in A. 


f) For any family W of nonempty sets with (C; ЧЕ: F є WH AA = 0, there 
exists a finite subfamily W of W such that (OW) OA = 6. 


g) For any family W of nonempty sets such that for each finite subfamily МУ of W 
we have (OW) r А # 0, then (NO, 2: F € WpnA ғ 0. 


h) ИХ, is a filter base such that (A{o,,clF : Е € F,}) ПА = 0 then, there exists 
an ЕЕ F, such that FO A = 0. 


Го. ‘is the dual Of Ф,, then the following statement (i) and (j) are equivalent to each 
one of the above statements. 
i) For any family Ф of 9 ,-closed sets with An^) = 0, there exists a finite subfamily 
Q' of Ф such that AN(A{9,(F) : Е e Ф'}) = 6. 
p Jf ® is a family of 9,-closed sets such that for each finite subfamily ® of Ф we 
have An, (F) : Fed')) # 6, then ANOD) = 0. 
Theorem 3.8. [7] Let фу be monotonous and А c X. If for each U, V € q,O(X), p (UUV) 
= Q(U) U 9,(V), then the following are equivalent. 
a) A is Ф ;-compact set. 


b) Each filterbase F, which is a subfamily of {X\9,(U) : U Е @,O(X)} and meets 
A, Ф, -accumulates to some point a Е A. 


Example 3.9. Let фу = int and Ф, = cl. 


Then, 9,O(X) = т. For each U, V є 9,0(X), 9(UOV) = (U UV) = U UF = 94(U) 
U 9,(V).{,(U) : U є @ O(X)} = {U : U e xj = RC(X) = the family of regular closed sets 
in (X, т) and (X NU. : U,O(X)} = RO(X). 


Now from Thm.1.22 and Note. 1.8 we can write the following equivalencies. 


X is Q, 2-сотрас! <> X is (т, tel)-compact <> X is quasi-H-closed <> each filter-base 
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F, c RO(X) has an r-accumulation point <> each filterbase F, < RO(X) has an (т, Ocl)- 
accumulation point <> each filterbase F, c RO(X) has an (т, t,cl)-accumulation point <> each 
filterbase T, с RO(X) has an (1,1*cl)-accumulation point <> each filterbase F, C RO(X) has 
an (*,pcl)-accumulation point. 

Example 3.10. Let ф = int, Ф, = cl, 94 = Өс, 94 = t,cl, 95 = tcl, фе = pel. Фу 
intocloint, 9g = intocl. 

Then, Q,O(X) = т and for each U є т, we have 9,(U) = 9,(U) = 9,(U) = 9,(U) 
P/U). Dual of Фо, Ф5, Ф, respectively ф, = int, Q4 = Tint, ф„ = preint. For each U є 1“ 
‚ we have фо(И) = 9,(U) = es(U). 


ФО(Х) = (A: A c AÈ} = PO(X). 


Я = (og(U) : U є PO(X)) = {U2 : U e PO(X)) = RO(X) c PO(X) = ogO(X). PPU) 
= US c [7 = ф,(0). А стс РОХ), A c $-О(Х) = 3? c PO(X) A c т c PO(X). 


In the light of the Example 3.9 and Example 3.10, the following theorem can be written 
by using Note 2.9, Thm. 3.2. Thm. 3.3 and Thm. 3.6. 


Theorem 3.11. For any topological space (X, т), the followings are equivalent. 
1) X is quasi H-closed. 

2) X us (т, 1cl)-compact (9, -compact for 9, = int, 9, = cl). 

3) X is (т, t,cl)-compact (Ф; ,"compact for фу = int, Ф, = tcl). 

4) X is (т, t%cl)-compact (Ф, "compact for фу = int, 9; = tcl). 

5) X is (т, Ocl)-compact (9, compact for фу = іт, фу = 8cl). 

6) X is (t,pcl)-compact (Ф „compact for фу = int, Ф, = pcl). 

7) X is (1*,1cl)-compact (Фф ;-compact for 9, = intocloint, Ф, = cl). 

8) X is (19, t,cl)-compact (Ф; "compact for 9, = intocloint, Ф = tcl). 
9) X is (t%,t%el)-compact (9, ,-сотрасі for o, = intocloint, Фф, = 1?cl). 
10) X is (PO(X),xcl)-compact ((A, ф)-сотрасі for A=PO(X), @ = tcl). 
П) X is (RO(X),tel)-compact ((A,9)-compact for A-RO(X), ф = tcl). 
12) X is (RO(X),8cl)-compact ((А,ф)-сотрасі for A=RO(X), ф= 8cl). 
13) X is (RO(X),t,cl)-compact ((.A,9)-compact for A=RO(X), ф=т,сі). 
14) X is (RO(X),t%cl)-compact ((А,Ф)-сотрасі for A=RO(X), o=t%cl). 
15) X is (RO(X),pel)-compact ((Я,ф)-сотрасі for A=RO(X), 9=pcl). 


16) 
17) 
18) 
19) 
20) 
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X is (t 1cl)-compact ((,9)-compact for A-1, cl). 
X is (t,,1,cl)-compact ((Я,ф)-сотрас! for A= ty Ф=т,с/). 
X is (т,Өс1)-сотраст ((А,Ф)-сотрасі for A=t,, ф=Өсі). 
X is (т, t%cl)-compact ((А,ф)-сотрас! for А =т, ф=т%с1). 
X is (t,,pel)-compact ((A,9)-compact for A=t, Фф=рсі). 


Some other equivalent forms of 2 in the above theorem can be written in the following 
way by using Note 2.9, Example 2.14, Theorem.3.6, Example 3.9. 


2a) 
2b) 
2c) 
2d) 


2g) 


X is (т, tcl)-compact. 

Every filterbase F, in X, (t,tcl)-accumulates to some point in X. 

Every maximal filterbase U, in X, (t,tcl)-converges to some point in X. 

For any family W of nonempty sets with M{6clF : F e W} = 6, there exists a finite 
subfamily W' such that AW’ = 0. 

For any family W of nonempty sets such that for each finite subfamily М” of W 
we have NW’ = 0, then M{OcIF : F eW} + 0. 

For any family Ф of t-closed sets with (Ф = 0, there exists a finite subfamily 
Ф' of Ф such that A{F°: ЕЕ d$) = 0. | 

If Ф is a family of t-closed sets such that for each finite subfamily Ф’ of Ф we 
have ^\{Е°: РЕ d") + 0, then ^ = 0. 


2h) For any family Ф of t-closed sets with (Ф = 0, there exists a finite subfamily Ф’ 


2i) 


2j 


2k) 


21) 


of Ф such that ^(OintF : F e Ф'} = 0. 


If Ф is a family of t-closed sets such that for each finite subfamily Ф' of Ф we 
have rY(OintF : Fed*') = 0, then ^b = 0. 


For any family Ф of t-closed sets with суф = 0, there exists a finite subfamily 
Ф' of Ф such that O(t intF : Fe} = 0. 


If Ф is a family of t-closed sets such that for each finite subfamily Ф’ of Ф we 
have Aft intF : Ее d') # 0, then ^b = 0. 


Each filterbase 7, c RO(X) has an (t,tcl)-accumulation point. 


2m) Each filterbase 7, c RO(X) has an (t,0cl)-accumulation point. 


2n) 
20) 
2p) 


Each filterbase 7, с RO/X) has an (1.1,cl)-accumulation point. 
Each filterbase 7, с RO(X) has an (t,t%cl)-accumulation point. 


Each filterbase 7, с RO(X) has an (t,pcl)-accumulation point. 
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In a similar way, some other equivalent forms of each of 3-20 can be written by using 
Thm.3.6. or \ and Thm.3.8. 


Theorem 3.12. [7] Ler B = {9,(U) : U Е @,O(X)}, (95 > фуог Ф, > i), and for each 
U € 9 O(X) we have (0) € 9, O(X), Ф.(ф,(0)) с Ф,(0) then the following are equivalent 
for any subset A of X. 


a) A is Ф ,-compact set. 
b) A is B-compact set. 
c) A is фу ,0(X)-compact set. 


d) If Wis any subfamily of (X NQ4(U) : U € Q,O(X)) such that for each finite subfamily 
W of W we have ACX((WW) = 0 then AOW) в 0. 


e) If Wis any subfamily of AXNQ4(U) : U e 9,O(X)} with А ^^ (QW) = 0 then there 
exists a finite subfamily МУ of W such that А O (OW) = 6. 


f IFW is any subfamily of {X\ U ` U € o, ,O(X)) such that for each finite subfamily 
W of W we have AC(QW") = 0 then AN(OW) # 6. 


8) If Wis any subfamily of (XNU : U € 9, 20(Х)} with АСКОМ = 0 then there exists 
a finite subfamily W of W such that АС(ОМ») = 6. 

Theorem 3.13. [7] Let B = (o4(U) : И € ф0(Х)). If (93 > фу or 9, 2 i) and Q(U) 

€ @,O(X), 02(9,(U)) < Ф,(0) for each U є Q,O(X), then the followings are equivalent. 

a) X is Ф j-compact. 

b) X is B-compact. 

с) Xiso | 2O(X)-compact. 

d) For each U є 9,O(X), Х\Ф.(И) is 9, compact set. 

e) For each U € q,O(X), X\ (U) is B-compact set. 

f) For each U € q,O(X), XXo4(U) is P; 2O(X)-compact set. 

8) For each Фф ,-closed set is Ф -compact set. 

h) For each Ф -closed set is B-compact set. 

i) For each Ф »-closed set is Ф ;O(X)-compact set. 

Example 3.14. Let фу = int, Фф, = intocl, фу = scl and i = identity operation. 

Then ©,O(X) = т. For any A CX, x є 9,2clA > 

x € 6-clA = 1,clA. 

For any U € т, 9,(U) = (Uy = sclU = 9,(U). 

9, 2O(X) = Ф, 30(X) = T. 
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X is фу, compact space <> X is nearly compact space <> X is Ф| з-сотрас! space. 
For each U є 9,O(X), 94(U) = (Uy e e,0(X), p0 U) c Ф,(0). 

В = (94(U) : U e 9,O(X)} = RO(X). 

For U € 9,O(X) = т, X\@,(U) є RC(X), ф, = cloint, $4 = semi-int, T = i. 


Then if we use Thm.3.3 and Thm.3.13 for these operations, we obtain the following 
theorem. 


Theorem 3.15. For any topological space (X, t) the following are equivalent. 
1) X is nearly compact space. 

2) X is (т, intocl)-compact space. 

3) X is (t,scl)-compact space. 

4) X is RO(X)-compact space (i.e. X is (RO(X),i)-compact). 

5) X is t -compact space (i.e. X is (t,,i)-compact. 


6) If W is any subfamily of RC(X) such that for each finite subfamily W' of W we 
have СУМУ = 6 then OW = 0. 


7) If Wis any subfamily of RC(X) with OW =. © then there exists a finite subfamily 
W of W such that AW = 6. 


8) If W is any family of t -closed sets such that for each finite subfamily W' of W 
we have AW’ + @ then OW s 0. 


9) If Wis any family of t -closed sets with OW = 0 then there exists a finite subfamily 
W of W such that СМЛ = 6. 


10) Each regular closed set is (x-intocl). compact set. 
11) Each regular closed set is (t,scl)-compact set. 
12) Each regular closed set is RO(X)-compact set. 
13) Each regular closed set is t -compact set. 

14) Each t -closed set is (t-intocl)-compact set. 

15) Each t,-closed set is RO(X)-compact set. 

16) Each t -closed set is t -compact set. 


Some other equivalent forms of 2 in the above Thm. can be written in the following 
way by using Thm.3.6. 


2a) Every filterbase F, in X, 5-accumulates to some point in X. 


2b 
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) Every maximal filterbase U, in X, 6-converges to some point in X. 


2c) For any family W of nonempty sets with O{SclF : F є W} = Ô, there exists a finite 


2d 


2e 


subfamily W of W such that c W = 0. 

) For any family W of nonempty sets such that for each finite subfamily W' of W 
we have ^ W' # 0, then A{SclIF : F є W} = 0. 

) For any family Ф of t-closed sets with A® = 0, there exists a finite subfamily Ф' 
of Ф such that ^F? : ЕЕ Ф'} = 6. 


2f) If o is a family of t-closed sets such that for each finite subfamily d of Ф we 


In 
Thm.3.6. 


have {Е : F € Ф'} s 0, then ПФ = 6. 


a similar way some other equivalent forms of each of 3-12 can be written by using 
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SOME ASPECTS OF SEMIRING GROUPS WITH A.C.C. 
ON ANNIHILATORS 


GITALEE Das Амр К. С. CHOWDHURY ` 


ABSTRACT : In this paper we deal with hemirings and H-hemiring groups, together with finiteness 
condition on annthilators of such algebraic structures. To be more specific we deal with an Goldie H- 
hemiring gioup E that is if 


lj E has no infinite independent family of non-zero H-ideals. And 
2) Annihilators in H of subsets of E satisfy the ascending chain condition (a.c.c.) (under set inclusion). 


The results proved here may be considered analogous to those of some Notherian module in some special 
cases. The results proved here finally lead to the fact that the collection of associated operating sets 
of E 15 finite and there exists a so-called primary decomposition of zero of such a Goldie H-hemiring 


group. 


2005 Mathematical subject classification (Amer.Math.Soc): 16 Y 60, 20 M 25, 20 M 14., 20M 12. 


Key words and pharases : hemiring, halfring, H-sub hemigroup, H-ideal, H-hemiring group, H-sub 
hemiring group, Goldie H-hemiring group, Essential H-sub hemi group, independent family of H-sub 
hemi group, essential as H-ideal, Quasisubtractive hemiring, annihilator of subset, prime ideal. 


1. INTRODUCTION 


It is well known that the set of natural number is the trivial semiring structure which 
can be derived from fundamentals coined by G-Peano, and this N, the obvious semiring, can 
be made into a ring defined by an equivalence relation on N X N in which the each equivalence 
class (1,1).(1,2) and (2.1) etc. respectively represents the integer zero, the positive integer | 
and the negative integer —1 etc. For the sake of beauty of its abstractness, we would like to 
exhibit the possible geometrical link between the semiring N of natural numbers and that of 
the ring Z of integers with a hope to get some indications for future development. 


À non-empty set S is a Semiring if the set has two associative binary operations defined 
en it which are called addition and multiplication and which satisfies the following properties: 


1) The multiplication satisfies both the distributive laws together with the addition. 


2) Addition is commutative. 
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and this triple is a hemiring if S contains an element ‘0’ such that x + 0 = x and x.0 = 0 
= 0.x, for all x Е S. Element ‘0’ is called a ‘zero’ of S. It can be seen that if such а ‘0’ 
exists in a semiring then it is unique. 


S is said to have unity ‘ГИ Ls = s = 5.1, for all s є S. 
A semiring may have a unity or mayn't also. 


S is halfring if it satisfies the additive law of cancellation, namely, x + a = x + => 
а = b, for all x, a, Бе S. 


A non-empty subset A of a semiring (S, +,.) is a sub-semiring of S if the corresponding 
triple (T, +, .) is also a semiring. 


For the sake obvious reason, we like to present the construction of the ring of integers 
from the set of natural numbers[7]. Theoritically a ring can be constructed form a given halfring 
as follows: 


In case of a halfring (H, +,.), we define a relation ~ in HxH such that (a, b) ~ (c, d) 
if a + b = c + b. and this is an equivalence relation. So it partitions H x H into mutually 
disjoint equivalence classes. 


The equivalence class equivalent to (a, b) is denoted by a-b that is, 

(a — b) = ((x. у) e H x H such that (x, y) ~ (a, b)). And the family of these classes 
will be denoted by Я. Now, in 77 we define ‘+’ and *.' as follows 

1) (a - b) + (c 0) = (a + c) - (b + b), 2) (a — bY.(c - d) = (ac + bd) - (ad + bc). 

The well defineness of theses operations can be checked, finally giving the ring structure 
of H. | 

Ап H-hemiring group E over H (or ДЕ) is such that 

1) (E, +) is commutative hemi group, 2) Н, +. .) is a hemiring 

there is a map H x E — E (h, e) > he such that 

(h, + hje = hye + hye; һ(е + ej) = hye, + hje; (П.В) = hy(hye); hy, h, e H; е, 
e, € E. It can easily be seen that every hemiring H is a left as well as a right H-hemiring 
group over itself. 


A non-empty subset A of an H-hemiring group E over H is a sub hemiring group of 
E if the subset A is also an H-hemiring group. 


Left H-sub hemigroup of a hemiring Н is a non-empty subset A of H such that а+ЪЕА, 
for every a. b є А and such that ha є A. for every he Н, a є A. 


Similarly right H-sub hemigroup and two-sided H-sub hemigroup may be defined. 
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An H-sub hemiring group of an H-hemiring group E is a non-empty subset A of E 
such that x + y € A for every x, y € A, and such that hx е А for every h e H and x € 
A. 


If E = H then H-sub hemiring group of E will be left H-sub hemigroup of H. 
A left (right, two-sided) H-sub hemigroup A of a hemiring H is a left (right, two-sided) 
H-ideal if, whenever x, y є H such that x and x + y є A, then y є A. 


Let A с E. Then A is an H-ideal of E if, whenever x, y є E such that x є A and 
x+y € А, then y є A. 


If E = H then H-ideal of E will be left H-ideal of H. 
A left (right, two-sided) H-sub hemigroup of a hemiring H is generated by a non-empty 


subset S if it is the intersection of all left (right, two-sided) H-sub hemigroups of H. In other 
word it is the smallest left (right, two-sided) H-sub hemigroup containing S[7]. 


If S = {x} then the H-sub hemigroup generated by x will be denoted by «x» 


If A is a left (right, two-sided) H-sub hemigroup of H then [A] will denote the smallest 
left (right, two-sided) H-ideal containing A or the left (right, two-sided) H-ideal generated by 
A. If A is a left H-sub hemigroup of H then 


[A] = (x : a, + x = а, for some а, a, є A}. 
For an H-ideal A of a hemiring H, the set x + A = {ух + a = y + a’ for some a, 
a’ € A} is a coset of А. An H-sub hemiring group A of E is an essential H-sub hemigroup 


of E if for each non-zero H-sub hemiring group К of E we have А м К = 0 (equivalently 
for an H-sub hemiring group К of E, A ^ K = 0 — А = 0) and is denoted by А <, Е. 


An H-ideal A of E is essential if for any non-zero H-ideal К of E we have АПК 
+ 0 (equivalently for an H-ideal К of E, A ^ K = 0 = A = 0) and is denoted by A <, Е. 


An ordered family {E,, E,, ... E,} of H-sub hemiring groups (H-ideals) of E is an 
independent family if (Ej, + E, +... + Ê, +... E JOE, = 0, fr 1 <t<n 


Where ^ stands for deletion of the symbol underneath. 


An infinite family {E}, E», ...} is independent if for any n є N the corresponding finite 
family {E}, .., E,} is independent. 


An H-sub hemiring group (H-ideal)A of E is closed H-sub hemiring group (closed 
H-ideal) of E if A has no proper essential extension of E. (equivalently if A and K are H- 
sub hemiring groups of E then A < ,K « E — A = K and is denoted by A <, E). 


An annihilater of subset A of a H-hemiring group E over H is the collection of those 
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elements of H which annihilates each element of A and is denoted by Ann,,(A) (or А(А)), 
thus у 


А(А) = {h e Hlha = 0, for all a є А). 


If E = H then Ann(A) is written as 1,,(A) or in short I(A) and it is left annihilator of 
A in H. 


If I is a sub-hemiring of H and Н, c Н then left annihilator of Н, in I is defined as 


Ij (Hy = {x є ИХН, = (O)} and right annihilator of Н, in I is defined as r,(H,) = 
{x € IJH,x = (0)} 


If I = H then 1,(H,) = 1,,(H,) and r,(Hj) = ry(H,) are written as 1(H,) and r(H,) 
respectfully. 


Consider an H-hemiring group E over H. E is Goldie H-hemiring group if 
(i) E has no infinite independent family of H-ideals and 
(ii) the a.c.c. is satisfied for the annihilators of H-sub hemiring group of E in H. 


The homomorphic image of a Goldie H-hemiring group need not be a Goldie H-hemiring 
group. For in case of a Goldie ring, a homomorphic image of a Goldie ring need not be a 
Goldie ring [1]. A Goldie H-hemiring group is fully Goldie if every homomorphic image of 
it is Goldie H-hemiring group. 


A non-zero H-sub hemiring group (H-ideal) P of E is a prime H-sub hemiring group 
of E if every non-zero H-sub hemiring group Q of P, A(P) = A(Q). 


If for each H-sub hemiring group P of the H-hemiring group E, A(P) = A(E), then E 
is called a prime H-hemiring group. 


The collection AŒ) = {A(E’)| for some prime H-sub hemigroup Е’ of E), is the family 
of associated primes of E. 


If A(E) is singleton then H-hemiring group E is called H-primary. 


Let E be an H-hemiring group with closed H-ideals Е, E», ... E, satisfying the following 
conditions: 


1) The closed H-ideals E,, E}, ..., E, have Zeio intersection, but 


ЕЕ... п Ё, п... Е, (0), for any i = 1, .... t (The symbol ^ denotes omission 
of E). 


2) Each quotient H-hemiring group E/E, is a primary H-hemiring group such that 
A(E/E) = A(E/E) for 1 +j [2] 
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Then the expression (0) = E, Е, П ... ^ E, is an H-Primary decomposition of 0 
in E. 


We prove in this section the existence of an H-primary decomposition of 0 in some special 
Goldie H-hemiring groups. 


Note. In an H group E, the subset 


Z,(E) = {и є ElLu = (0) for some essential H-sub hemiring group L of Н} plays an 
important role in what follows 


A hemiring Н is a Quasi-subtractive hemiring if for H-ideal I and J; ВЕ Н, i є I, 
je J and j = h + i then there exists j^ є J if and only if 0 =h+i+ Г. 


Let {A,} be a family of H-ideals. Then the sum (Y, 4) is essential as an H-ideal if 
А 


for any H-ideal B of Н, we have (A) В = 0 => В = 0. 


Let (I,: & € А} be a collection of non-zero left H-ideals of а һетігіпр Н. І = 215 
is said to be direct if every element of І can be uniquely expressed in the form È aa, where 


da, € dg,. 


Let {E,} be any family of H-hemiring groups then {(..., е...)} je, Е E, e, = 0 for all 
but a finite number of i} is defined as the direct sum of E,’s and is denoted by E.. 


Each € E, is a direct summand of Ө Е, 
Also if (H;) is a family of hemirings then 


(C. В, ГВ, Е Н, В, = 0 for all but a finite number of i} is defined as the direct 
sum of H; and is denoted by Ө Н,. Each Н, is a direct summand of Ө Н. 


{ 
Lemmas. (i) Direct sum Ө E, of H-hemiring groups is an H-hemiring group if the 
t=] 


y 

elements of B E, are added co-ordinate wise and for h є H, e; € Ej, Қ... е. ...) = (..., he, 
ix 

supe 2t 


{ t 
(iii) Direct sum e H, of hemirings is a hemiring if the elements of | Н, are added 


co-ordinate wise and ili ибен defined by (а, а, ... а (b,....b) = a. a,b», ... a,b,), 
for a. b, eH, i = 1, 2, 


f 
А sum А = 2 A, for a finite number of H-sub hemigroups (H-ideals) A, of a hemiring 
I= 
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H is a direct sum of H-sub hemigroups (H-ideals) provided each element of A is uniquely 


1 
expressible in the form Ха, where a € Ap Í= 1, 2, ..t and this direct sum is denoted by 
i= 


А = A, ФА, Ф... ФА. 


Suppose (S, +, .) and (T, +, .) are two semirings. A mapping of S — T is a semiring 
homomorphism if for all x, y є S, f(x + у) = f(x) + f(y) and f(xy) = f(x)f(y). 


If f: S > T is a one-one-semiring homomorphism then we say S is embedded in T as 
a sub semiring. 


We define a map 6 : Н > И such that Н, > h-0. ф(һ) = h-0, for all h e H 

It can be easily seen that H is a hemiring monomorphism. Hence H is embedded into 
H. 

If E and E, are two H-hemiring groups over the hemiring H then a mapping f: Е — 


E, is a H-homomorphism if for all x, y € E, h € H, f(x + y) = f(x) + Ку) and f(hx) = 
hf(x). 


Kernel of H-homomorphism is defined as (ker f) = (x e Eff(x) = 0}. 
If ker f = (0) then f is a H-monomorphism and E is embedded in E,. 
When E is embedded in E, then we consider E as an 


H-sub hemiring group of E,. An H-homomorphism f is an H-epimorphism if f is 
surjective. If H-homomorphism f is injective as well as surjective then f is an H-isomorphism. 
It is denoted by Е = Ej. i 


Here we prove: 


1) Let E is a Goldie H-hemiring group over hemiring H. If the set A(E) is union of 
two disjoint sets X and Y, then there exists a closed H-ideal E’ such that 


АЕ) = X and A(E/E) = Y. 
2) Let E is a Goldie H-hemiring group as above. Then A(E) is finite. 
3) Let the H-hemiring group E be fully Goldie as above 

(1) There exists an H-primary decomposition of 0 in E. 


(i) If E, Ej, .., E, are H-ideals and E, ^ Е, су... ^ E, is an H-primary 
decomposition of О in E then 


AŒ) = A(E/E,) U ЯЕЕ,) о... U ACIE). 
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4) E is a Quasi-subtractive Goldie H-hemiring group with Z,(E) = 0 as above and 
such that an essential H-sub hemigroup of E is essential as an H-ideal also. Then 
the Annihilators of subsets of E Satisfies the descending chain condition. 


2. PRELIMINARIES 
2.1. SECTION. 
2.1.1. Proposition. Let A be an H-ideal of a halfring H and let 
Я = {а-а' e H:a,a' ЕД}. A is an H-sub hemigroup of F. 
Proof. A + ф. Implies that А ғ 9. 
‚ Иа-а anda, —a,’ Е A then (а - a’) — (a, — aj") = (a+ aj) — (а t aj) € Я. Moreover 
(В - h') e НЯ then (h — Һа — a’) = (ha + һа) – (һа + һа) є 4. 
Similarly (a — a'X(h — h) e А. 
Let A be a H-ideal of a hemiring. For x є H let 
х+ А = {у: х + a = y + а for some a, a’ є A). Then x + A is the coset of A. 


2.1.2. Proposition. Let x + A and y + A be two cosets of A. Then either x + A = 
у+ А ох + Апу+А = $. 


Proof. Suppose that х + Апу+А #9. 


Letg € X c Ar y + А Then g t a, = x + a,' and g * à, = y t aj. If t € x + A, 
t~a=x +a’ 


t Melo t ГА 
Thus t + a + а +жа=х+а ta +a 


gta, +а + а 
=y+a' +a +a adtey+A ѕох+А су + A. 
Similarly y + A c x + A. 


The above lemma guarantees that the set of cosets of A is a partition of H. It is routine 
to verify the following theorem. 


In 1958 A.W Goldie [3] showed that prime ring with a.c.c. on left annihilators and not 
containing infinite direct sums of left ideals possesses a left quotient ring. Goldie [4] later 
extended these results to semi-prime rings. 


2.1.3. Proposition. Let A be an H-ideal, then the set of cosets (x + A} together with 
the operations. 


(x + A) + (у + А) = x + y * А and (x + A)(y + a) = xy + A is a hemiring. 


195095 
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The hemiring defined in above theorem is the, quotient hemiring of H with respect to 
A and is denoted by H/A. 


2.1.4. Proposition. Let H be a halfring and let A be an H-ideal of H. Then H/A is a 
halfring. 


Proof. By theorem 2.1.3, H/A is a hemiring. 
If (x + A) + (y + A) = (x + A) + (2 + А), then х+у+А=х+7+ А. 


Ѕох+у+а= х + 2 +a for some a, a’ є A. Therefore y + a = z+ а’ and y є 
z+ A. Thus by lemma 2.1.2, y + A = 2 + А. Therefore H/A is a halfring. 


2.1.5. Theorem. If A is an H-ideal of a halfring H then (H/ A) = НИ. 


Proof. Define a mapping by x(H / A) H/A by [(h + а) - (в, + A] = h- h, + А. 
If (h + A) — (h, + A) = (k + A) – (kj + A) then h +k, +A=h, +k +A. Thus 
h+k +a%=h +k +a’ for some a, а € A. 


Therefore (h — hj) = (k — kj) + (a' — a) and (h — hj) + A = (k - К) + Я. Hence x 
is a well-defined function. x is a homomorphism since 


[h +k +a) - (h, +k, + а)јл = (+  - (hj c ko + Я 
=(h-h, + 1) + (k- k, + A) 

[(h + A) — (В, + А) + [(k + A) - (К, + А) and 

[(h + A) – (h, + AJLI( + A) - К, + Ал 

= К + В.К, + А) - (hk, + ВК + А)]л 

= (hk + hyk,) – (hk, + hj) + 4 

-[(h-hp + 1]. К) + 4] 

= [(h — h) + AJ-[((k - k) + А] 

= [(h + A) - (h, + А.К + A) - К + А 

Clearly л is onto H/A. Finally x is 1-1. For if (h + A + h, + A) is in the kernel of 


z,h-h,e A. Thus В - В, = a> aj, for some a, a, є A. Hence В +a, = hi +аогВ + 
А = һу +A. 


2.16. Lemma. If A c E then Ann(Aj is an H-ideal of E. 
Proof. x and x + y є Ann(A) 


of E. 


of H. 
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Therefore, xa = 0 and 
(x + y)a = 0 for all a є A. 
= ха + ya = 0. 
=> ya = 0 > y є Ann(A). 
Therefore, Ann(A) is an H-ideal of E. 
2.1.7. Cor. If E = H then Ann(A) = КА) is a left H-ideal of H. 
If a є Н then 1({а}) is written as 1(a) and it is a left H-ideal of H. 


2.1.8. Lemma. If A is an H-sub hemigroup of E then Ann(A) is an H-sub hemigroup 


Proof. Ann(A) is a H-ideal of E. 
Let x, y є Ann(A). 
= xa = 0 and ya = 0. 
=> ха + уа = 0 
=> (x + у)а = 0 > х + у є Ann(A). 
If x є Ann(A) and h e H then (xh)A = x(hA) c Ха = (0) > xh e Ann(A). 
Therefore Ann(A) is an H-sub hemigroup of E. 
A non-empty subset H, of a hemiring H is 
i) a right H-subset of H if HH c H, 
ii) a left H-subset of H if HH, c H,. 
11) an invariant subset of H if Н.Н, c H, and H,.H c H, 
2.1.9. Lemma. If A is a left H-subset of H then 1(A) is a two-sided H-sub hemigroup 


Proof. 1(A) is a left H-sub hemigroup of Н. 

Now, if x є КА) and h є H then (xh)A = x(hA) c xA = (0) > xh e ЦА). 
Hence ЦА) is a right H-sub hemigroup of H. 

Therefore 1(А) is a two-sided H-sub hemigroup of H. 

2.1.10. Corollary. If А c Н then 1(1(A)) is a two-sided H-sub hemigroup of H. 
2.1.11. Lemma. If A c H then r(A) is a right H-subset of H. 
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Proof. Let x є КА) and h є Н then 
A(xh) = (Ax)h = 0 
=> xh Е ГА), for all h Е H. 


Therefore r(A) is a right H-subset of H. It is noted that if a є H then r((a]) is written 
as r(a) and it is a right H-subset of H. 


2.1.12. Lemma. If A is a right H-subset of H then r(A) is an invariant subset of H 
Proof. We have r(A) is a right H-subset of H. 
Now, x Е r(A) and h Е H then A(hx) = (Ah) x c Ax = (0). 
=> hx є КА), for all Е Н. 
Hence r(A) is a left H-subset of H. 
Therefore r(A) is an invariant subset of H. 
2.1.13. Cor. If A c H then r(r(A)) is an invariant subset of H. 
2.1.14. Lemma. If S c H and A c E then (i) Srg(S) = (0) and Ann(A)A = (0). 
2.1.15. Corollary. If T c S c H and P c A c E then Tr,(S) = (0) and Ann(A)P = (0). 
2.1.16. Lemma. If A c E, B c E such that A c B then Ann(B) c Ann(A). 
2.1.17. Corollary. If E = H then КВ) c КА) when A c B. 
2.1.18. Lemma. If P, О c H such that P c О then rg(Q) c rg(P). 
2.1.19. Corollary. If E = H then r(Q) c r(P) when P c Q. 
2.1.20. Lemma. If S c H and A c E then 
a) rg(Ann(rg(S))) = rg(S) and b) Ann(r,(Ann(A))) = Ann(A). 
Proof. we have S r,(S) = (0) => $ с Ann(rg(S)) 
=> rg(Ann(rg(5)) c rg(S) 
Also we have Ann(A)A = 0 — A c rg(Ann(A)) 
replacing A by rg(S) we have rg(S) c rg(Ann(rg(S))) 
Therefore rg(S) = rg(Ann(rg(S))) 
Again we have Sr,(S) = (0) > S c Ann(r,(S)) 
replacing S Бу Ann(A) 
we have Ann(A) c Ann(rg(Ann(A))) 
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Also we have Ann(A)A = 0 
=> А с rg(Ann(A)) 
=> Ann(A) > Ann(r,(Ann(A))) 
Therefore Ann(A) = Ann(r,(Ann(A))). 
2.1.21. Corollary. If E = H then we get 
r(1(r(S))) = r(S) and 1(1(1(5))) = 1(S). 
2.1.22. Lemma. Let A be an H-sub hemigroup of H and $ СА. 
then r(S) ^ А = r4G) апа 1,,(S) ^ А = 1,(S). 
Proof. Let x € r,(S) Then Sx = (0) and x є A (cH) 
=> X € (S) A A. 
=> rA(S) с ги($) (^ A. 
Conversely, Let y є гр(5) ^ A 
—yery(S)andyeA 
= Sy = (0) and y є A(c Н) 
= у є г,(5) 
=> (S) ^ А с г,(5). 
Therefore r,,(S) су A = г, (5). Similarly we can show that 14(S) су А = 1,(S). 


2.1.23. Lemma. If x є H such that r(x') = r(x!) for some t > I then r(x™) = r(x!) 
for all positive integer m. 


Proof. If m = 1 then 1(x't!) = 1(x5) which is our hypothesis. Thus the given result is 
true from m = | 


Now, let the result is true for m =r > 1. ie. I(x") = I(x) ..... (i) 

Let y € I(x!) then ух! = 0. 

=> (yxix = 0 > yx Е = I(x, by (i) 

=> yx e I(x) > ухх! = 0 => ух"! = 0 > y e I(x!) = I(x!) by hypothesis. 
Therefore 1(x****!) c 1(xt). But since г + 1 is positive integer, then clearly 1(xc 1(x****!). 
Thus we have I(x*+!) = 1(x!). 


Therefore, when the result is true for m = г then it is true for m = г + 1. Hence by 
induction we have I(x'*™) = 1(x') for all positive integer m. 


Similarly we get the following 


26 GITALEE DAS AND K. C. CHOWDHURY 


2.1.24. Lemma. If x є H such that r(x!) = r(x'*!) for some t > 1 then ХЖ") = r(x 
for all positive integer m. 


2.2. SECTION. 


2.2.1. Lemma. If a Quasi-subtractive H-hemiring group E has no infinite direct sum of 
H-ideals then E satisfies the a.c.c. on closed H-ideals of E. 


Proof. Suppose E does not satisfy the a.c.c. on closed H-ideals. Then there exists a strictly 
ascending chain E,<E,<... of closed H-ideals of E. 


Since E, 5, E, we have E, że Eni 
Therefore E,,, must have a non-zero H-ideal (say) C, such that E, © C, = 0, 


And C, S E,,,. This is true for each n. We claim for any t e Zr i S t. 


nel 
then (C, + Cy +. +Ê, +... + С) с С, = 0. 
here, (С, + С, +m + C, +. +C) Сс (B +... tE + С + С) 0c, 
Suppose с; = е, + ез + ... + e + C, +... с, is an element of 
(E, +... + E + C4, .. + С) п C, then 
ce, € С^ ®,+..+Е +С, +... +С) 
c, € COG, +... + B, +... + E. (с с En + 1) 
с E, С, = 0. 
Therefore c, = 0. for all n; similarly, cp; = 0, ... с = 0 
So (E +... + E + Cy. С) AG = 0. 
So (C, + C, +..+6+..+Со С, =0. 


Hence {C,,C,,...} is an independent family of non-zero H-ideals of E. Since E has no 
infinite independent family of non-zero H-ideals of E or E has no infinite direct sum of H- 
ideals we can not have a strictly ascending chain on closed H-ideals of E. Thus E satisfies 
the a.c.c. on closed H-ideals of E. 


2.22. Lemma. Let E be H-hemiring group over the hemiring H. E satisfies the a.c.c. 
for its annihilators of E in H. Then A(E) + 6 iff E = 0. 


Proof. Assume E = 0. 
Then E has no prime H-sub hemiring group. 


Hence A(E) = 9. 
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Again if E + 0, Consider 3 = {A(E*)|E* is an H-sub hemiring group of Е). 


Since E is goldie, 3 has a maximal element say A(M). 

Now let М’ (#0) be an H-sub hemiring group E such that M' c M. 
Then A(M') > AM) > A(M") = ACM) (since A(M) is maximal). 
Therefore M is a prime H-sub hemiring group of E. 

Hence A(M) e AŒ), that is AŒ) + 6. 

2.2.3. Lemma. Let E be H-hemiring group with an exact sequence 


0> E'—»E—LS E" - 0. 

Then Л(Е’) c AŒ) c ЖЕ’ v AŒ”). 

Proof. If E = 0 > g(E) = 0. 

> E' = Krg=0 > Е = 0. 

That is E = 0 > Е = 0. 

Also E = 0 => f(E) = E" = 0. Therefore E = 0 > E" = 0. 
And therefore the result stated is trivially true. 

Hence AŒ’) = фс AŒ) = фс ДЕ) о AŒ”). 

Assume E + 0. 


g is one-one and E’ can be considered as an H-sub hemiring group of E. 


Therefore A(E') c AE) = {Ann(P)| for some prime H-sub hemigroup P of Е}. 


for some prime H-sub hemigroup Ё' of E. 
Consider A(P) € Я(Е) for some prime H-sub hemiring group P of E. 
Two cases arises 


Саѕе-1 E' ^ P + 0 => Ann(P) = Ann(E' п P) 


Now ЕпР<Е 
Therefore Ann(E’ ^ P) є AC’). 
Now Ann(P) e AŒ’). 


Therefore Л(Е) c A(E). 
Case-2 E' ^ P = 0 and P(Prime) < E > AŒ) с AŒ”). 
Combining case-1 and 2 we have Я(Е) c A(E') U AŒ"). 
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2.2.4. Lemma. Let N be an H-ideal of an H-hemiring group E such that A is closed 
H-sub hemiring group of E with М < А <Б. Then А/М <, EWN. 


Proof. Let А/М < E/N then K/N < E/N such that A/V  K/N < E/N. Then we have 
A $ K < E. Also we know that there exists an H-epimorphisim 


f: К > KIN, fk) =К+т 

We note that (А/М) = A. Since А/М <, K/N it follows that A <, К. 
Since К < E, therefore A x, K < E > A = К (Since A 5, Б). 

A/N <, KIN < E/N => А/М = КИМ. Hence А/М x. EN. 

A/N <, K/N < E/N => А/М = KIN. Hence А/М <, E/N. 

2.2.5. Lemma. If E, and E, are two Goldie H-hemiring group then 
AŒ, Ө Ej) = AŒ) vu AŒ) 


Proof. An arbitrary element of A(E, ® E,) is A(Q) where Q is prime H-sub hemiring 
group of E, Ө Е,. 


Now О = О, Ө Q, where О, < E, О, < B. 
Since Q,, Q, can be regarded as H-sub hemiring group of Q. 
Therefore each of О, Q, is prime and A(Q,) = A(Q,) = A(Q). 
it follows that A(Q) є A(E,), A(E,). 
=> A(Q) є ЛЕ) v AE). 
Therefore AGE, Ө E) с AŒ) v AŒ). 
To get the opposite relation 
Let A(Q) € ЖЕ) о AŒ). 


Suppose A(Q) € A(E,). Then Q is a prime H-sub hemiring group of E, and hence a 
prime H-sub hemiring group of E, Ө E». 


So A(Q) є A(E, Ө B). 
Thus A(E,) о ЖЕ,) c AG, Ө Ej). 
This gives us the required result. 


2.2.6. Lemma. If E is a Goldie H-hemi ring group and P and Q are H-sub hemiring . 
groups of E, R is H-ideal of E such that R < P, Q then 


АФ M Q/R) = AUR N Q/R) с Я(Р/К) с\ A(Q/R). 
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Proof. Let A(S/R) is an arbitrary element of 4220) where S/R is a prime H-sub 








PA 
hemiring group of [2 а 2). Since P ^ Q < P, О and | R 2) is contained in P/R and 
PAO 


Q/R; hence in their intersection. Therefore the prime H-sub hemiring group S/R of R 





is also a prime H-sub hemiring group of the sub hemiring group P/R r^ Q/R. 





PAO 
Thus AGS/R) e A(P/R с\ Q/R) which gives that 4 R 2) c A(P/R œ Q/R). 


Conversely, 


let A(T/R) є A(P/R œ^ Q/R) Where T/R is also a prime H-sub hemiring group of 
P/R: QR. 


Then T/R < P/R, Q/R, it follows that T € P, Q and therefore T < P с О. 








We then have T/R < É а g 
This means 7/R is also a prime H-sub hemiring group of LE 





PAO 
So A(T/R) € Al 





PHYO 
Therefore A(P/R ^ O/R) CA R 


Pn 
Therefore from above A(P/R ^ Q/R) = 4222) 


Again for апу A(T/R) e A(P/R ^ Q/R), 


T/R is a prime H-sub hemiring group of (P/R ^ Q/R), we have T/R < P/R, Q/R; this 
means that 7/R is a prime H-sub hemiring group of each of the H-hemiring group P/R and 
Q/R. 


So A(T/R) is contained in both A(P/R) and A(Q/R) and hence in their intersection. It 
follows; A(P/R r^ Q/R) < A(P/R) г A(Q/R). 


2.2.7, Lemma. Let E, and E, be H-sub hemiring groups of an H-hemiring group E such 
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that E, is essential іп Е. If a € Е, a # 0 then there is an essential H-sub hemiring group 
E' of E such that E,a = 0, Еа c E. 


Proof. Е’ = {h є H|ha є E). 
Let h;a, ha є Е. 
Now һа + ha = (В, + h)a = Ва є E' and h'(ha) = (h'h)a = ha є Е (h' є Н). 


Therefore Е’ is an H-sub hemiring group of E and Ha с E, (E, is an H-sub hemiring 
group of a H and a є Ej). 


Therefore ha € E,. Also ha = O (for 1 є Н implies a є Ha) 
Since Е, <, Е. we get Ha су E, = 0. 
Therefore consider e,(€Ha) = ha (#0) є E. 
So Ба # 0. 
We now show that E' <, E. 
Let I (#0) be an H-sub hemiring group of E. We claim that I ^ Е’ « 0. 
Саѕе-1: Suppose Ia = 0. Then Ia є E gS Е. 
Therefore Ја с E,. 
So I c E. 
Hence IO E =I (#0). 
Case-2: Suppose la ғ 0. 
Then lac E, since Е, <, E (ISHaeE,cHlac н), 
Ia ^ E, = 0. 
Hence for some i (#0) є I, ia є E, (CE). 
Thus i € E' (since I c; E^). 


Therefore I ^ Е’ # 0 which implies that Е’ is an essential H-sub hemiring group of 
E. 


2.2.8. Lemma. Let P and Q be annihilators of subsets of E in H such that P c Q and 
P is H-essential in Q. If Z,(E) = 0 then P = Q. 


Proof. Let Е, E, c Е. 
Р = Anny(E) О = Ann,(E,) We have to show Q c P. 
Let q є О such that q = 0. _ 
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Since P c Q and P x, Q there exists an essential H-sub hemiring group E' of E such 
that E'q = 0, E'q c P (lemma 2.2.7). 


Therefore A(E’q) > A(P) 
=> АФ) с A(E'q) 
=> ЕЧАФ) c E' q A (Œ q) = 0. 
Therefore E’ q A(P) = 0. 
So q A (P) = 0. 
= q € Ann(A(P)) = P. 
Therefore q = P. 
Therefore Q c P Hence Q = P. 
EXAMPLE OF PRIME CLOSED, ESSENTIAL ETC. 
Let G = Z4, is Goldie Z-hemiring Group then its Z-sub hemiring Groups are 
A, = (0, 2, 4, 6, 8, ... 28}, A, = (0, 3, 6, 9, 12, ... 27}, А, = (0, 5, 10, 15, ... 25}, 
A, = (0, 6, 12, 18, 24}, А; = (0, 10, 20), А, = (0, 15} 


Now A, < A, < С. Similarly A; < A, $ G and A, < A, $ С. 


A 
Now, и = {ay + A, | a € Aj] 


= {0 + Ay, 3 + Ay, 6 + Ay, 9 + A, ... 27 + Aj). 


Now 0 + А, = {0, 6, 12, 18, 24} = Ay; 1 + Ay = {1, 7, 13, 19, 25}; 2 + А, = (2. 
8. 14, 20, 26}; 3 + Ay = (3, 9, 15, 21, 27}; 4 + Ay = {4, 10, 16, 22, 28}; 5 + A, = (5, 
И. 17, 23, 29}; 6 + Ay = {6, 12, 18, 24, 0} = Ag 9 + A, = (9, 15, ... 27} =3 + A, 
Again G/A, = {g + Alg € G} = {A} 1 + Ay, 2 + Ay, 3 + Ay, 4+ Ay, 5 + Ay} and 
2 = {A,, 3 + A,] contains two elements. Therefore order is 2. 
4 


A 
Obviously a < ея 


ES 


A 
Therefore Я, has order 2 which is prime. So EN is a prime Z-sub hemiring group. 
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3. SECTION. 
3.1. Main results. 


3.1.1. Theorem. Let E be a Goldie H-hemiring group over hemiring H. If the set A(E) 
is a union of two disjoint sets X and Y, then there exists a closed H-ideal Е’ such that AŒ’) 
= X and A(E/E’) = Y. 


Proof. Given AŒ) = X v Y such that X^ Y = ф 
Let К = (№ <, E | AN’) c X). 
As 0 is a closed H-sub hemiring group of E and A(0) = 9, 


we have k + $ (ф c X). Since E is H-Goldie by lemma 2.2.1, К has a maximal element 
(say) Е’. 


Also, X о A(E/E) 2 X u Y (by lemma 2.2.3). 
Since X and Y are disjoint sets, that is X © Y = ф, therefore we have Y c A(E/E’). 


Suppose A(E/E") & Y. Then there exists a prime H-sub hemiring group N'/E' of E/E” 
such that A(N'/E') є A(E/E') and A(N/E") є Y. 

Now E is a Goldie H-hemiring group A(N'/E’) € A(E/E') and A(N‘/E') є Y. 

Moreover by hypothesis there is a prime closed H-extension 7/E' such that 

E < № < Т <, E and МЕ < ТЕ <, E/E’. 

Thus T is a closed H-sub hemiring group of E. 


Since 77E' is non-zero, Е’ c T and А(Т/Е') = A(N'/E'). Since T/E is Prime, A(T/E’) is 
a singleton set, say (P). We write simply P. Thus Я(Т/Е”) = P and P ¢ Y. Again by lemma 
2.2.3. 


AT) с AB) o ATE). 

Since Я(Е’) c X and A(T/E’) = P, 

we get A(T) c X UP. 

Also T c E and AB c X v Y. 

Since A(T) < A(E), therefore A(T) c X u Y. 

So P € Y gives A(T) c X. Thus T e K. 

and this contradicts the maximality of E. Therefore A(E/E’) c Y. 
Thus Хо Y c A(E Ү and X ^ Y = 6 gives X c Я(Е). 
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3.1.2. Theorem. Let E be a Goldie H-hemiring group as above. Then A(E) is finite. 
Proof. We assume the opposite, that is, that ACE) = (P, Q, В, ...} is infinite. 
If (Е) = Ро Y and P є Y (We write P for {P}) 

Then by theorem, 3.1.1 there exists a closed H-ideal E' of E such that 

AŒ’) = P, 

A(E/E) = Y. Thus A(E) = P v Y. 

AŒ) = A(E) о А(Е/Е). 

Since Q є A(E) we have О є Я(Е/Е), 

so for some prime H-sub hemiring group B'/E' of E/E’, A(B'/E") = О. 

Thus A(B‘/E') = Q. 

Thus by hypothesis there is a prime extension E'/E' such that 

B'/E' < E'E' <, E/E' and E' x B' < E" <, E. Hence A(EVE") = A(B"E') = Q. 
Therefore (ЕЕ) = A(B‘/E’) = Q. 

And by lemma 2.2.3, A(E’) c A(E') U A(E'"E"). It follows ACE") c (P. Q}. 
Also by lemma 2.2.3, A(E) c A(E’) U A(E/E'). Therefore 

AŒ) с (P, О} U A(E/E), that is, В e ACRE’). 


in a like manner we get another closed H-sub hemiring group Е" of E such that Е’ 
< E" < E" and for S є A(E), S e A(E/E’). Since A(E) is infinite we get a strictly ascending 
infinite sequence of closed H-sub hemiring group which contradicts the Goldie characters of 
E because of lemma 2.2.1. 


Hence A(E) is finite. 
3.1.3 Theorem. Let the H-hemiring group E be fully Goldie as above. 
1) There exists an H-primary decomposition of 0 in E. 


2) ШЕ, E, ..., E, are H-ideals and E, ^ E ^... E, is an H-primary decomposition 
of 0 in E then 


AŒ) = AEE) U Я(Е/Е,) U.O AEE). 
/f Proof. by the above theorem, Я(Е) is finite. 
p d Let ҖЕ) = {P,, P,, ... P). 
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Since A(E) is expressible as union of two disjoint sets {P,, P}, ... È... Р} and [Pi] 
by theorem 3.1. d there exists a closed H-ideal E,, Ej, ..., E, of E such that for each i, A(Ei) 
= (Py P5, ... В ... P] and Я(Е/Е,) = (P). 


Also, for each i, E/E, is H-primary and A(E/E,) = AGE) forizj 
and A(E, ^ E, п... ^ E) с ДЕ) n..^ AŒ). Since clearly 
АЕ) ^ AE)... п AŒ) = $, we then have AŒ, гусу E) = 6 
and therefore by Lemma 2.2.2, E, Е, 2m... E, = 0. 


If possible let E, ^ E; ^ .. à Ê à Е, = 0, that is, QE, for some i, 1 <i <. 
: F Fl 


Then we get an H-homomorphism. 


а: Е ә Ө©.Е/Е, е (e+ E, e+ Ê, on © + Bj. 


fae ! 
" We 98 that Кет а = {ele = E, = 0} = 0. 
Thus o a is an embedding and hence AŒ) c Ag E/E р: Since Е is fully Goldie, each 
E/E, is Goldie. So it follows from Lemma 2.2.5 for un i, 


AŒ) с © A(E/E), that is, AŒ) c (Pi, .... Ê., .. , P,) which is absurd. Hence 2 E, 
IŁ] t 


z 0. 


t 
(ii) Next suppose that 5 is an H-primary decomposition of 0 in E. Then the map 
/= 
а:Е > e ЕЕ, e > (e + Ey e + Ep -~ e + E) 
{= 


is an embedding, which means that 
AŒ) c A(GE/E) and hence AŒ) c UA(E/E)). 
To see the opposite inclusion consider the H-homomorphism 


В: п Е, > E/E, е е+ E, 
12] 


Now ker В. = (ele e ^ E] = 0. Thus ACM E)c A(E/E;) and 
1%) 
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by lemma 2.2.2, 


AQ E) + ф. Since A(E/E) is singleton, we get AO E) = A(E/E) for each i, Hence 
+] 


nj 


i i 
О AEE) = (ACL) E) 
^1 r=] J 


1 
and Since AC E) c А(Е) for each i, we finally have S AEE) с A(E). 
= J= 


ГА 
Thus Y A(E/E) = ҖЕ). 
x 


We now give one result on a Goldie H-hemiring group when the operating set H is a 
left hemi ring with no infinite direct sum of sub H-hemiring group and Z (Œ) = 0. Theorem 
7 of Oswald [6] follows as a corollary to the following result in the case of a regular left 
Goldie near-ring [2]. 


3.1.4. Theorem. Let E be a Quasi-subtractive Goldie H-hemiring group with Z (E) = 
0 as above and such that an essential, H-ideal of E is essential as an H-sub hemiring group 
also. Then the annihilators of subsets of E in H satisfies the d.c.c. 


Proof. Let B = A(Y), C = A(X), X, Y c E. Then if X c Y we have A(Y) c A(X). 
Then B c C. Then by lemma 2.2.8, there exists an H-sub hemiring group D of E such that 
D c C, B n D = 0. Thus if in the descending chain A(S,) > A(S5) 2 A(S4) 2 ... we have 


A(S,) 2 A(S,,), then there exists H-sub hemiring group P, such that P, c A(S,) and A(S,,) 


OP, = 0. Again we choose an H-sub hemiring group X, such that A(S,,,) т X, = 0 and 
X, is maximal for this. 


Being the annihilators of S,,, in E, A(S,,,) is an H-ideal of E. So A(S,,,) + X, is 
an H-sub hemiring group of E. So it is essential as an H-sub hemiring group. 


Therefore P, ^ (A(Sy,)) + Xp) # 0 (we write A, for A(S,)). 

Now let (0 =) b, (e P) = а, + Xp ар, Ару. X, € X,. This implies 

Oca, + Xg +b,’ iff x,’ = a, + b, є P, + Ау, СР, + A, (Since AL, C Aj) 
СА, O X, (since P, c Aj) 

Now, X, =0 > a,, + b,' = 0 


> x, =0 
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> b = aay E Р, + AS, 
€ P, + A, (since А, c Aj) 
GA. X, (since P, с A) 
Now if x, were 0, we would have a,,, = b, € P, O Ау, = 0. So x, # 0. 
Therefore we get a non-zero H-ideal C, and C, O A,,, = 0. 
Therefore x,’ # 0. 


An infinite descending chain of annihilators of subsets of E in H gives an infinite direct 
sum of H-ideals of E. 


Since E has no infinite direct sum of H-ideals the.descending chain A, 2 A, 2... is 
a finite one. 
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ABSTRACT : By using m-continuity between an m-space and a topological space, we establish the 
unified theory of several weak forms of continuity for multifunctions between bitopological spaces. 
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1. INTRODUCTION 


Semi-open sets, preopen sets, a-open sets and В-ореп sets play an important role in the 
researches of generalizations of continuity in topological spaces and bitopological spaces. By 
using these sets, many authors introduced and studied various types of modifications of 
continuity in topological spaces and bitopological spaces. Maheshwari and Prasad [13] and Bose 
[2] introduced the concepts of semi-open sets and semi-continuity in bitopo-logical spaces. Jelic 
[5], Kar and Bhattacharyya [7] and Khedr et al. [8] introduced the concepts of preopen sets 
ard precontinuity in bitopological spaces. The notions of a-open sets (or feebly open sets) 
and a-continuity (or feeble continuity) in bitopological spaces were studied in [6], [18] and 
[L1]. The notions of semi-preopen sets and semi-precontinuity in bitopological spaces were 
studied in [8]. 


Smithson [31] initiated the study of multifunctions in bitopological spaces. Several authors 
studied different forms of continuity for multifunctions in bitopological spaces in [3], [10], 
[12], [16], [17], [24], [25] and [26]. Recently, the present authors [27], [28] introduced and 
investigated the notions of minimal structures, m-spaces, m-continuity and M-continuity for 
functions and extended the concepts of m-continuity and M-continuity for multifunctions. In 
the present paper, we reduce the study of different forms of continuity for multifunctions 
between bitopological spaces to m-continuity between an m-space and a topological space. We - 
present general theorems for characterizations and some properties of these forms of continuity 
between bitopological spaces. New forms of continuous multifunctions are initiated. 
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2. PRELIMINARIES 


Throughout the present paper (X. т) and (Y, с) always denote topological spaces and 
(X, ту, 15) and (Y, су, 6) denote bitopological spaces. Let (X, т) be a topological space and 
A a subset of X. The closure of А and the interior of A are denoted by СКА) and Int(A), 
respectively. For a multifunction F : X — У, we shall denote the upper and lower inverse of 
a subset B of a space Y by F*(B; and ЕВ), respectively, that is 


ЕКВ) = (x e X : F(x) c B) and F(B) = (x e X: F(x) ^ B «.0). 


Definition 2.1. A subfamily m, of the power set 2(Х) of a nonempty set X is called 
a minimal structure (or briefly m-structure) [27], [28] on X if 0 € m, and X € m. 


By (X, m,) (or briefly (X, т)), we denote a nonempty set X with a minimal structure 
m, on X and call it an m-space. Each member of m, is said to be m -open (or briefly m-open) 
and the complement of an m,-open set is said to be m,-closed (or briefly m-closed). 


Definition 2.2. Let X be a ronempty set and m, an m-structure on X. For a subset A 
of X, the m,-closure of A and the m,-interior of A are defined in [14] as follows: 


(1) тСКА) = MF:Acr,X-Fem,, 
(2) mint(A) = OĻU: UCA, U e m). 


Lemma 2.1. (Maki et al. [1¢]). Let (X, m,) be an m-space. For subsets A and B of X, 
the following properties hold: 


(1) mCI(X — A) = X ~ mlnt(A) and mint(X — A) = X — тСКА), 

(2) If (X — A) є m, then СҚА) = A and if A = т, then mlnt(A) = A, 
(3) mCl(0) = 0, тСКХ) = X, mInt(0) = 6 and mint(X) = X, 

(4) If A c B, then mCI(A) c тСІ(В) and mlnt(A) c mint(B), 

(5) A c mCI(A) and mlnt(A) c A, 

(6) mCl(inCl(A)) = mCI(A) and mlnt(mlnt(A)) = mint(A). 


Lemma 2.2. (Popa and Noiri [27]. Let (X, m,) be an m-space and A a subset of X. 
Then x € mCI(A) if and only if U ПА + 0 for every U є m, containing x. 


m 


Definition 2.3. A minimal structure m, on a nonempty set X is said to have property 
В [14] if the union of any family of subsets belonging to m, belongs to т. 


Lemma 2.3. (Popa and Noiri [30]). Let (X, m,) be an m-space and m, satisfy property 
_В. Then for a subset A of X, the following properties hold: 


(1) A є m, is and only if КА) = A, 
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(2) А is m-closed if and only if тСКА) = A, 


(3) 


mInt(A) є т, and тСКА) is m-closed. 


Definition 2.4. Let (X, m,) be an m-space and (Y, o) a topological space. A multifunction 
Е: (X, m) - (Y, с) is said to be 


(1) 


(2) 


upper m-continuous [29] if for each x Е X and each V е с containing F(x), there 
exists U € m, containing x such that F(U) c V, 


lower m-continuous [29] if for each x є X and each V є o such that F(x) ^ V 
= 0, there exists U є m, containing x such that F(u) © Уз 0 for each u € U. 


Theorem 2.1. For a multifunction F : (X, m,) > (Y, c), the following properties are 


equivalent: 


(1) 
(2) 
(3) 


F is upper m-continuous; 

F*(V) = mInt(F*(V)) for every V € с; 

F-(K) = mCI(F(K)) for every closed set К of Y; 
mCI(F(B)) c F-(CI(B) for every subset B of Y; | 
F*(Int(B)) c mlnt(F*(B)) for every subset В of Y. 


Proof. The proof follows from Theorem 3.1 of [19] and Lemma 4.1 of [29]. 


Corollary 2.1. Let (X, m,) be an m-space and m, satisfy property B. For a multifunction 
F : (X m,) - (Y, в), the following properties are equivalent: 


(7) 
(2) 
(3) 


F is upper m-continuous; 
F*(V) is m,-open for every open set V of Y; 


F'(K) is m -closed for every closed set К of Y. 


Proof. The proof follows from Theorem 2.1 and Lemma 2.3. 


Theorem 2.2. For a multifunction F : (X, т) > (Y, o), the following properties are 


equivalent: 


(7) 
(2) 
3) 
(4) 
(5) 


F is lower m-continuous; 

FV) = mlnt(F(V)) for every У Е o; 

F*(K) = mCI(F*(K)) for every closed set К of Y; 
mCWKF*(B)) c Е*(СКВ) for every subset B of Y; 
F-(Int(B)) c mInt(F-(B)) for every subset B of Y; 
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(6) F(mCl(A)) c CI(F(A)) for every subset A of X. 
Proof. The proof follows from Theorem 3.2 of [19] and Lemma 4.1 of [29]. 


Corollary 2.2. Let (X, m,) be an m-space and m, satisfy property B. For a multifunction 
Е: (X, m) > (Y, o), the following properties are equivalent. 


(1) F is lower m-continuous; 

(2) F(V) is m,-open for every open s V of Y; 

(3) F*(K) is m,-closed for every closed set K of Y. 

Proof. The proof follows from Theorem 2.2 and Lemma 2.3. 


3. MINIMAL STRUCTURES AND BITOPOLOGICAL SPACES 


First, we recall some definitions of weak forms of open sets in a bitopological space. 
Let (X, ту ту) be a bitopological space and A a subset of X. The closure of A and the interior 
of A with respect to т, are denoted by iCl(A) and int(A), respectively, for i = 1, 2. 


Definition 3.1. A subset A of a bitopological space (X, т, t) is said to be 
(1) (i, J)-semi-open [13] if A c jCl(ilnt(A)), where i +j, i, j = 1, 2, 

(2) (i, J)-preopen [5] if A c iInt(jCI(A), where i +j, i, J = I, 2, 

(3) (i j)-a-open [6] if A c ilnt(jClGInt(4)), where i +j, i j= 1, 2, 


(4) (i, J)-semi-preopen [8] if there exists an (i, j)-preopen set О such that U C A c 
ЈСО), where i +j, i, j = 1, 2. 


The family of (i, j)-semi-open (resp. (i, j)-preopen, (i, j)-a-open, (i, j)-semi-preopen) sets 
of (X, ту, т,) is denoted by (i, j)SO(X) (resp. (i, j)PO(X), (i, j)a(X), (i, j)SPO(X)). 


Remark 3.1. Let (X, ту, t,) be a bitopological space and А a subset of X. Then (i, 
JJSO(X), (i, )PO(X), (i, ЈОХ) and (i, jJ)SPO(X) are all m-structures on X. Hence, if т, = (i 
J)SO(X) (resp. (i, J)PO(X), (i, j)a(X), (i, j)SPO(X)), then we have 


(1) m C(A) = (i, Л-5СКА) [13] (resp. (i, j)-pCI(A) [8], (i, j)-o.CI(A) [18], (i, j)-spCl(A) 
[8]. 


(2) mjlnt(A) = (i, j)-sInt(A) (resp. (i, j)-pInt(A), (i, j)-oInt(A), (i, j)-spInt(A)). 
Remark 3.2. Let (X, ту, т,) be a bitopological space. Then 


(1) Let т, = (i, J)SO(X) (resp. (i, j)a(X)). Then by Lemma 2.1 we obtain the results 
established in Theorem 13 of [13] (resp. Theorem 3.6 of [18]). 
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(2) Let m, = (i, j)SO(X) (resp. (i, j)PO(X), (i, j)a4X), (i, j)SPO(X)). Then, by Lemma 
2.2 we obtain the results cstablished in Theorem 1.15 of [12] (resp. Theorem 3.5 
of [8], Theorem 3.5 of [18], Theorem 3.5 of [8]). 


Remark 3.3. Let (X, тү, t,) be a bitopological space. Then 


(1) (i, j)SO(X) (resp. (i, J)PO(X), (i, j)oqX), (i, )SPO(X) is an m-structure on X satisfying 
property (В) by Theorem 2 of [13] (resp. Theorem 4.2 of [7] or Theorem 3.2 of 
[8], Theorem 3.2 of [18], Theorem 3.2 of [8]). 


(2) Let m, = (i, j) SO(X) (resp. (i, j)PO(X), (i, J)a(X), (i, j) SPO(X)). Then, by Lemma 
2.3 we obtain the results established in Theorem 1.13 of [12] (resp. Theorem 3.5 
of [8], Theorem 3.6 of [18], Theorem 3.6 of [8]). 


4. m- CONTINUITY AND BITOPOLOGICAL SPACES 
Definition 4.1. A multifunction F : (X, тү, ту) (Y, oj, 62) is said to be 


(1) (i, j)-upper semi-continuous or (i, j)-upper quasi-continuous [26] if for each x Е 
X and each o,-open set V of Y containing F(x), there exists an (i, j)-semi-open set 
U containing x such that F(U) c V; 


(2) (i, j)-lower semi-continuous or (i, j)-lower quasi-continuous [26] if for each x € 
X and each с,-ореп set V of Y such that F(x) ^ V + 6, there exists an (i, j)-semi- 
open set U containing x such that F(u) ^ У + 0, there exists an (7, j)-semi-open 
set U containing x such that F(u) ^ У # 0 for each u є U; 


(3) pairwise upper / lower semi-continuous or pairwise upper / lower quasi-continuous 

‚ if it is (i, j)-upper/lower semi-continuous and (j, i)-upper/lower semi-continuous for 
р] = 1, 2 апай? =}. 

Remark 4.1. If т, = (i, j)SO(X), then a multifunction F : (X, ту, т,) — (Y, Gj, o) 


is (i, j)-upper/lower semi-continuous if and only if a multifunction F : (X, m) > (Y. o) is 
upper/lower m-continuous. 


Definition 4.2. Let (X, ту, t) be a bitopological space and mj and m, m-structures on 
X determined by t, and т,. A multifunction F : (X, тр, т,) > (Y, o,, Gy) is said to be 
fi, J)-upper/lower m-continuous if F : (X, т,) (Y, oj) is upper/lower m-continuous. F : 
(X, трт) > (Y. Gj, 62) is said to be pairwise upper/lower m-continuous if F : (X, mj) > 
(Y, с) aud Е: (X, my) (Y, e) are upper/lower m-continuous for i, j = 1, 2 and i # j. 


By Definition 4.2, Theorems 2.1 and 2.2, we obtain the following two theorems. 
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Theorem 4.1. For а multifunction F : (X, тр. ту) — (Y. 61, 65), the following properties 
are equivalent: 


(1) F is (i, j)-upper m-continuous; 

(2) ЕКУ) = m, Int(F*(V)) for every V є б; 

(3) F(K) = mCI(F-(K)) for every closed set K of Y; 
(4) m, CK(F'(B)) c F-(iC\(B)) for every subset B of Y; 
(5) F*(ünt(B)) c m, Int(F* (В)) for every subset B of Y, 
where m; is an m-structure determined by т, and Ta. 


e 4.1. For a multifunction F : (X, ту, ту) > (Y, су, 65), the following dioc: 
are equivalent: 


(1) F is (i, j)-upper m-continuous; 
(2) F*(V) is m open for every o,-open set У of Y; 
(3) FK) ıs m,-closed for every o closed set K of Y, 
© where m, is an m-structure satisfying property B which is determined by тү and t} 


Remark 4.2. If my = (i, j)SO(X) (resp. my = (i, J)PO(X)). then by Theorem 4.1 and 
Corollary 4.1 we obtain the results established in Lemma 1 of [26] (resp. Theorem 4.2(a) of 
[16] and Theorem 2.9 of [3]). 


Theorem 4.2. For a multifunction F : (X, тү, 15) — (Y, 6), 62), the following properties 
are equivalent: 


(1) F is (i, j)-lower m-continuous; 

(2) F(V) = my Int(F-(V)) for every с-ореп set V of Y; 
(3) F*(K) = m, „СКЕ*(К)) for every o,closed set К of Y; 
(4) т C(F*(B)) c F*(iCl(B)) for every subset B of Y; 
(5) FYiilnt(B)) c m Int(F (B)) for every subset B of Y; 
(6) Ест, СКА)) c iCI(F(A)) for every subset A of X, 
where My is an m-structure determined by тү and v. 


Corollary 4.2. For a multifunction F : (X, тр, т) > (Y, сү, 62), the following properties 
are equivalent: 


(1) F is (i, j)-lower m-continuous; 
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(2) FXYV) is тореп for every бүореп set V of Y; 
(3) F*(K) is m,-closed for every o -closed set К of Y, 
where m; is an m-structure satisfying property В which is determined by т and т.. 


Remark 4.3. If my = fi, j)SO(X) (resp. m, = (i, )PO(X)), then by Theorem 4.2 and 
Corollary 4.2 we obtain the results established in Lame 2 of [26] (resp. Theorem 4.2 of [16] 
and Theorem 3.7 of [3]). 


3 


' 5. SOME PROPERTIES 
Definition 5.1. A subset B of a topological space (Y, c) is said to be 


(1) a-regular [9] if for each b є B and any open set U containing b, there exists an 
open set С of Y such that b e G c CHG) c U, 


(2) a-paracompact [33] if every o-open cover of B has a o-open refinement which 
covers B and is locally finite for each point of Y. 


For a multifunction Ё: X > Y, by CI(F) : X — Y [1] we denote a multifunction defined 
as follows: CI(F)(x) = CI(F(x)) for each x Е X. Similarly, sCI(F), pCI(F), „СКЕ) and ВСР) 
are defined, where $СКА) (resp. РСКА), ,CI(A), вСКАЈ) denotes the semi-closure (resp. 
preclosure. a-closure, B-closure) of a subset A of X. 


Lemma 5.1. (Popa and Мой [29]) If F : (X, т,) > (Y, с) is a multifunction such that 
F(x) is a-regular and a-paracompact for each х € X, then G*(V) = F*(V) for each open 
set V of Y, where С denotes C\(F), pCI(F), $СКЕ), aCI(F) or pCl(F). 


Lemma 5.2. (Popa and Noiri [29]) Let Е: (X, m) > (Y, c) be a multifunction, Then 
G'(V) = F(V) for each open set V of Y, where G denotes CY(F), РСКЕ), sC\(F), ,CI(F) or 
CI(F). - 
3 


Theorem 5.1. Let F : (X, т.) — (У, в) be a multifunction such that F(x) is a-regular 
and a-paracompact for each x є X. Then the following properties are equivalent: 


(1) F is upper m-continuous; 

(2) СЕ) is upper m-continuous; 
(3) sCl(F) is upper m-continuous; 
(4) pCI(F) is upper m-continuous; 
(5) оСКЕ) is upper m-continuous; 
(6) get F) is upper m-continuous. 
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Proof. We рш С = СІР), pCI(F), sCI(F), ,CWF) or вСКЕ) in the sequel. 


Necessity. Suppose that F is upper m-continuous. Let x € X and V be any open set of 
Y such that G(x) c V; hence x e G*(V). By Lemma 5.1 we have x € G*(V) = F*(V). Therefore, 
F(x) c V. Since F is upper m-continuous, there exists U € m, containing x such that F(U) 
C V; hence U c: F*(V) = G*(V). We cbtain G(U) с V. This shows that С is upper m-continuous. 


Sufficiency. Suppose that G is upper m-continuous. Let x €. X and V be any open sets 
of Y such that Р(х) c V. Then, by Lemma 5.1 x e F*(VJ = G*(V). Therefore, G(x) с V. 
Since G is upper m-continuous, there exists U € m, containing x such that G(U) c: V. Therefore, 
we obtain x € Ис G*(V) = F*(VJ and hence F(U) c V. Thus, F is upper m-continuous. 


Corollary 5.1. Let F : (X, ту, ту) > (Y. с, 05) be a multifunction such that F(x) is 
6,-O.-reguiar and 6,-0-paracompact for each x Е X. Then the following properties are 
equivalent: 


(1) F is (i, j)-upper m-continuous; 

(2) CHF) is (i, j)-upper m-continuous; 

(3) sCI(F) is (i, j)-upper m-continuous; 

(4) pCl(F) is (i, j)-upper m-continuous; 

(5) aCI(F) is (i, j)-upper m-continuous; 

(6) ВСК Е) is (i, j)-upper m-continuous. 

Proof. The proof follows from Definition 4.2 and Theorem 5.1. 


Theorem 5.2. For a multifunction F : (X, m,) > (Y, o), the following properties are 
equivalent: 


(1) F is lower m-continuous; 

(2) CHF) is lower m-continuous; 

(3) sCl(F) is lower m-continuous; 

(4) РСКЕ) is lower m-continrous; 

(5) „СКЕ) is lower m-continuous; 

(6) gC F, ) is lower m-continuous. 

Proof. The proof is similar to that of Theorem 5.1. 


Corollary 5.2. For a multifunction F : (X, t,, т) > (Y, су, 62), the following properties 
are equivalent: 
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(1) F is (i, j)-lower m-continuous; 

(2) СКЕ) is (i, j)-lower m-continuous; 

(3) sCl(F) is (i, j)-lower m-continuous; 

(4) РСКЕ) is (i, j)-lower m-continuous; 

(5) „CI(F) is (i, j)-lower m-continuous; 

(6) ВСК Е) is (i, j)-lower m-continuous. 

Proof. The proof follows from Definition 4.2 and Theorem 5.2. 


Definition 5.2. A bitopological space (X, ту, т,) is said to be (i, j)-semi-compact [4] 
if every cover of X by (i, j)-semi-open sets of X admits a finite subcover. 


Definition 5.3. An m-space (X, m,) is said to be m-compact [28] if every cover of X 
by m,-open sets has a finite subcover. A subset K of (X, тү) is said to be m-compact [28] 
if every cover of K by m,-open sets has a finite subcover. 


Definition 5.4. Let (X, T}, ту) be a bitopological space and т, an m-structure determined 
by т, and t,. The space (X, ту, т,) is said to be (i, j)-m-compact if the m-space (X, m,) is 
m-compact. A subset K of X is said to be (i, j)-m-compact if K is m-compact in (X, m. 


Remark 5.1. Let (X, т, тз) be a bitopological space and т, = (i, j)SO(X), then by 
Definition 5.3 we obtain the definition of (i, j)-semi-compact spaces. 


Theorem 5.3. Let F : (X, m) > (Y, в) be upper m-continuous and F(x) is compact 
for each x Е X. If К is an m-compact set of X, then ЕК) is compact. 


Proof. The proof follows from Theorem 4.1. of [19]. 


Corollary 5.3. Let (X, 1,, t) be a bitopological space and m j an m-structure determined 
by 1, and t4. If F : (X, тү, ту) > (Y, ср 62) is an (i, j)-upper m-continuous multifunction 
such that F(x) is © -compact for each x € X and К is (i, j)-m-compact, then F(K) is © „compact. 


Proof. Since F is (i, j)-upper m-continuous, F : (X, m,) (Y, с,) is upper m-continuous 
and the corollary follows from Theorem 5.3. 


Definition 5.5. A bitopological space (X, t, т,) is said to be pairwise-connected [23] 
if X cannot expressed as the union of two nonempty disjoint sets И and V such that И is t- 
open and V is т-ореп for i + j and i, j = 1, 2. 


Definition 5.6. Let (X, т, т,) be a bitopological space with m-structures т, and т, 
on X determined by t, and т,. The space (X, ту, т,) is said to be pairwise m-connected if 
X connot expressed as the union of two disjoint nonempty sets И and V such that U є т, 
and V e m, for i # j and íj-212 
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Remark 5.2. Let (X, ту, 15) be a bitopological space. If т, = (i, Ј)50(Х) and m, = 
(j, i)SO(X), then we obtain the definition of pairwise semi-connected spaces due to Mukherjee 
[15]. 

Theorem 5.4. Let (X, тү, 15) be a bitopological space with m-structures m, and ту 
determined by t, and v, which satisfy property В. If F : (X, т, ту) > (Y, 0), 65) is a pairwise 
upper or lower m-continuous surjective multifunction such that F(x) is connected for each x 
€ X and (X, ту, т,) is pairwise m-connected, then (Y, сү. G5) is pairwise connected. 

Proof. Let (Y, с. с,) be not pairwise connected. Then there exist a nonempty t,-open 
set U and a nonempty t,-open set V such that У = U UV and U r^ V = 6. Since F(x) is 
connected for each x e X, by Theorem E of [23] F(x) c И or F(x) c V. If x e X, then x 
Е F*(U U V) and hence v e F*(U) U ЕЖУ). Since F is surjective, there exist x and y in 
X such that F(x) c U and F(y) c V; hence x e F*(U) and y e F*(V). Therefore, we obtain 
the following. 


(1) ЕО) U F*(V) = FHU о V) = X, 
(2) РКИ) ^ ЕЖУ) = @ and 
(3) F(U) = 0 and ЕУ) = 6. 


Next. we show that F*(U) is (i, j)-m-open and F*(V) is (j, i)-m-open. (i) Let F be pairwise 
upper m-continuous. By Corollary 4.1, F*(U) is (i, j)-m-open and F*(V) is (j, i)-m-open. (ii) 
Let F be pairwise lower m-continuous. Since U is t,-closed, by Corollary 4.2, F*(U) is (j, 
i)-m-closed; hence F*(V) is (j, i)-m-open. Similarly, F*(U) is (i, j)-im-open. Consequently. X 
is not pairwise m-connected. This completes the proof. 


6. THE SET OF POINTS OF UPPER/LOWER m-DISCONTINUITY 
For a multifunction F : (X, m,) — (Y, o), we define D*(F) and D(F) as follows: 
D}(F) = {x € X : F is not upper m-continuous at x}, 
D(F) = {x € X : F is not lower m-continuous at x). 


Lemma 6.1. (Noiri and Popa [20]) For a multifunction F : (X, m,) > (Y, с), the following 
properties hold: 


D(F) 


m 


ес РС) — [mIn(F*(G))]] 
Unep y) К (Gnt( B)) — DnInt(F*(B))]) 
= Ug. pj nCIQ"(B)) ~ FX(CI(B))) 
Une p(mCKF-(H)) — F-(H)}, 
where F is the family of closed sets of (Y, c). 
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Lemma 6.2. (Noiri and- Popa EU For a multifunction F : (X, m,) > (Y, с). the following 
properties hold: ; 


РЕ) = peal PG) - [mInt(FX(G)]] 
= Upepry{ F(nt(B)) — [mInt(-())]) 
= Upepy(mCl(F*(B)) - ЕҮ(СІ(В))} 
= UAepapUnCI(A) — ЕЧ(СІКЕ(А)))) 

Uneg(mCl(F*(H)) — F*H)}, 


where F is the family of closed sets of (Y, o). 


By Definition 4.2, Lemmas 6.1 and 6.2, we obtain the following two theorems. 


Theorem 6.1. Let F : (X, ту, 15) (Y. ту, 15) a multifunction and my be an m-structure 
determined by Ti and t». Then, for a multifunction F : (X, m i? — (Y, oj, the following properties 
held: 


© = Ucea, (FAG) — туре. 


D = 
= Uge py) F*(int(B)) — [m,Int(F*(B))]} 
= Upepyy(mjCKF-(B)) — F-GCKB))) 
= Une pdm CIF 0D) - F(H)), 

where F, is the family of closed sets of (Y, oj) 


Theorem 6.2. Let F : (X, t. т) > (Y, 9, сз) a multifunction and т, be an m-structure 
determined by тү and т. Then, for a multifunction Е : (X, mi) — (Y, ©), the following properties 
hald: 


Oy T) = UGeo, IFG) — Imylnt(F-(G))]} 


= Upe py) КВ) — [m Int B ^ | | | 
| = pep) UnyCKE*(B)) - FFGCKB)) ` | v3 
= Use pj UnjCI(A) — FFGCKF(A))) 
| = Une rimy СКЕКН)) - FA}. |: 
where F, is the family of closed sets of ( ү, ©). 
` Definition 6.1. А function Е: От 1.) — (Y, с) is said to be m-continuous [28] if for 
each point x € X and each open set V of Y containing ffx), there exists U є m, containing 
x such that, RU) c V. 
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For a function f: (X, m) - (Y, с), by Dy (f) we denote the set of all points where 
f is not m-continuous. Then, we obtain the following corollary. 
Corollary 6.1. Let f : (X, ту, tj) > (Y, с, б) be a function and т; an m-structure 
determined by т, and v». Then, for the function f : (X, т.) (У, oj), the following hold: 
0 = cies (FUG) — (тда ОЭ) 
= Upge py lf GInt(B)) — [т а (8))]] 
= Upepry im, СРВ) = f'GCI(B))} 
= UgeprxymyCWA) — f GCKRA))) 
= Uren (m,CKf- ()] - FCA}, 


where F, is the family of closed sets of (Y, с). 


7. NEW FORMS OF (i j)-m- CONTINUOUS MULTIFUNCTIONS 


There are many modifications of open sets in topological spaces. First, we recall 5-closed 
sets and Ө-сІоѕеа sets due to Velicko [32]. Let (X, т) be a topological space and A a subset 
of X. A point x € X is a 6-cluster (resp. O-cluster) point of A if Int (CIV) ^ A + 6 (resp. 
CHV) ^ A = 0) for every open set V containing x. The set of all 5-cluster (resp. 0-cluster) 
points of A is called the 8-closure (resp. 0-closure) of A and is denoted by Cl;(A) (resp. Clo(A)). 
If A = СІ,(А) (resp. A = СІ(А)), then А is said to be 5-closed (resp. 0-closed) [32]. The 
complement of a 5-closed (resp. 0-closed) set is said to be -open (resp. 9-ореп). The union 
of all 5-open (resp. 0-open) sets contained in A is called the 8-interior (resp. O-interior) of 
A and is denoted by Int,(A) (resp. Int,(A)). 


Let (X, ту, T,) be a bitopological space and А a subset of X. The ó-closure (resp. 0- 
closure) of A and the 6-interior (resp. O-interior) of A with respect to т, are denoted by іСІ,(А) 
(resp. iCl,(A)) and ilnt,(A) (resp. iInt,(A)). 


Definition 7.1. A subset A of a bitopological space (X, Tj, t,) is said to be 
(1) (i, j)-6-semi-open [21] if A c jCi(ilnt,(A)), where i +j, i, j= 1, 2, 
(2) (1, j)-6-preopen [22] if A с ilnt(jCl;(A)), where i # j, i, j = 1, 2, 


(3) (i j)-5-semipreopen (simply (i, j)-6-sp-open) if there exists an (i, j)-6-preopen set 
U such that U с A c jCi(U), where i + у, i j= 1, 2. 


Definition 7.2. A subset A of a bitopological space (X, ту, t5) is said to be 
(1) (i, j)-8-semi-open if А c jCl(iünto(A)). where i # j, i j = 1, 2, 
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(2) (i, j)-8-preopen if A c ilntGCly(A)), where i 7 j, i, j = 1, 2, 


3) j)-9-semipreopen (simply (i, j)-0-sp-open) if there exists an (i, j)-0-preopen set 
U such that U c A c jCI(U), where i +j, i, j = 1, 2. 


Let (X, ту, t5) be a bitopological space. The family of (i, j)-6-semi-open (resp. (i, J)- 
5-preopen, (i, j)-6-sp-open, (i, j)-0-semi-open, (i, /)-Ө-ргеореп, (i, j)-0-sp-open) sets of (X, ту. 
t) is denoted by (i, jJÓSO(X) (resp. (i, j)BPO(X), (i, j)5SPO(X), (i, j)OSO(X), (i, j).OPO(X), 
(1, JJOSPO(X)). 


Remark 7.1. Let (X, ту, т,) be a bitopological space. The family (i, j)8SO(X), (i, )4PO(X), 
(1, j)OSPO(X), (i, j)OSO(X), (i, j).OPO(X) and (i, jJ)OSPO(X) are all m-structures with property 
(B). 


For a multifunction F : (X, 1,. т) > (Y, бү, в), we can define many new types of 
(i, j)-upper/lower m-continuous multifunctions. For example, in case m; = (i, J)6SO(X) (resp. 
(i, JJSPO(X), (i, j)68SPO(X), (i, j)OSO(X), (i, j)OPO(X), (i, ).OSPO(X)) we can define new types 


of (i, j)-upper/lower m-continuous multifunctions as follows: 


Definition 7.3. A multifunction F : (X, ту, t,) > (Y, 6), 62) is said to be (i, j)-upper 
O-semi-continuous (resp. (i, j)-upper 5-precontinuous, (i, j)-upper 5-sp-continuous) if for each 
x € X and each с,-ореп set V of Y containing F(x), there exists a (i, j)-6-semi-open (resp. 
(i, j)--preopen, (i, j)-5-sp-open) set U of X containing x such that F(U) c V, ‘equivalently 
if F : (X, (i, ])8$О(Х)) — (Y, oj) (resp. Е: (X, (i, )ePO(X)) —> (Y, oj), Е: (X, її, ])6$РО(Х)) 
-> (Y, с;)) is upper m-continuous. 


Definition 7.4. A multifunction F : (X, ту, т,) — (Y, С, 62) is said to be (i, j)-upper- 
O-semi-continuous (resp. (i, j)-8-precontinuous, (i, j)-0-sp-continuous) if for each x Е X and 
each с,-ореп set V of Y containing F(x), there exists a (i, j)-0-semi-open (resp. (i, /)-Ө-ргеореп, 
(i, j)-8-sp-open) set U of X containing x such that F(U) c V, equivalently if F : (X, (i, j).OSO(X)) 
— (Y, o) (resp. F : (X, (i, jJ)OPO(X)) — (Y, с), F : (X, (i, j)OSPO(X)) — (Y, oj) is upper 
m-continuous. 


Definition 7.5. A multifunction F : (X, ту, 12) (Y. 6,, 62) is said to be (i, j)-lower 
&-semi-continuous (resp. (i, j)-lower 6-precontinuous, (i, j)-lower 6-sp-continuois) if for each 
x € X and each o,-open set V of Y F(x) V # 0, there exists a (i, j)-6-semi-open (resp. (i, j)- 
б-ргеореп, (i, j)-5-sp-open) set U of X containing x such that F(u) ^ V # 0 for each и Е 
U, equivalently if F : (X, (i, j)óSO(X)) > (Y, oj) (resp. F : (X, (i ЛӧРО(Х)) -> (Y, в), Е: 
(X, (i, JSSPO(X)) — (Y, o0) is lower m-continuous. 


Definition 7.6. A multifunction F : (X, ту, т) > (Y, су, б) is said to be (i, j)-lower 
0-semi-continuous (resp. (i, j)-lower 9-precontinuous, (i, j)-lower 0-sp-continuous) if for each 
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x € X and each o,-open set V of Y F(x) ^ V # 6, there exists a (i, j)-6-semi-open (resp. (i, 
j)-9-preopen, (i, /)-Ө-ѕр-ореп) set U of X containing x such that F(u) © V « 0 for each и € 
U, equivalently if F : (X, (i, jJ0SO(X)) > (Y. o) (resp. F : (X, (i, })ӨРО(Х)) — (Y, o), Е 
' (X, (i, ЈӨЅРО(Х)) — (Y, 6j) is lower m-continuous. 


Conclusion. For multifunctions defined in Definitions 7.3 — 7.6 and also any (i, /)-иррег/ 
lower m-continuous multifunction F : (X, ту, 15) > (Y, су, 05) defined by using any m-structure 
m, on X determined by т, and 1,, we can apply the results established in Sections 4, 5 
and 6. 
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ON FUZZY HOMOMORPHISM AND FUZZY ISOMOR- 
PHISM ON NEAR-RINGS 
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ABSTRACT : Certain properties of fuzzy homomorphism and fuzzy isomorphism of near-rings are 
investigated. The decomposition theorem for fuzzy homomorphism and tsomorphism is proved and using 
the concept of n-fuzzy quotient near-rings the order preserving correspondence theorem between fuzzy 
ideals of near-rings is obtained. 
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1. INTRODUCTION 


The concept of fuzzy sets was introduced by Zadeh [12]. Since than these ideas have 
been applied to other algebraic structures like groups, rings, modules, topologies and so on. 
The notions of fuzzy sub near-rings and ideals were introduced by S. Abou-Zaid in 1991 [1] 
Extensive works in the field of fuzzy near-rings have been carried out by many researchers 
[3. 4, 5, 6]. In our continuous afford [8, 9, 10, 11], we have studied various aspects of fuzzy 
substructures of near-rings and near-ring groups. Chakraborty et al [2] introduced the notion 
of fuzzy homomorph.sm and proved an analogue of the fundamental theorem of homomorphism 
of groups. In this paper, we generalize the concept of fuzzy homomorphism and fuzzy 
isomorphism to near-rings and investigate certain properties. The decomposition theorem for 
fuzzy homomorphism and isomorphism is proved and the concept of z-fuzzy quotient near- 
ring leads to the order preserving correspondence theorem between fuzzy ideals of near-rings. 


2. DEFINITIONS AND NOTATIONS 


A right near-ring N is a system with two binary operations “+” and “.” such that (i) 
(N.+) forms a group, not necessarily abelian, (ii) (N,.) forms a semi group and (iii) (х+у)2 
= xz + yz, for all x, y, z e N. 


A near-ring М is said to be zero symmetric if x.0 = 0, for all x e N. 


Throughout the paper, unless otherwise specified, N will denote a zero symmetric right 
near-ring with unity. S(N) denotes the class of fuzzy subsets of N, F(N). the class of füzzy 
left N-subgroups of N. 
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Let н є S(N). Then и is called a fuzzy left (right) N-subgroup [1] of МИ for x, y є 
М, (i) u(x - y) 2 Min(u(x), u(y)) and (ii) щху) 2 p (у) (u(xy) 2 u 09). 


p is called fuzzy N-subgroup if u is both left and right fuzzy N-subgroup of М. 


A fuzzy subset р of М is called a fuzzy left ideal [1] of МИ (i) р is fuzzy subgroup 
of М, (ii) (x+y) = и(у+х), (iii) u[a(b-x) — ab] > u(x), for a, b, x, y in N. 


A fuzzy subset р of М is called a fuzzy right ideal [1] of М if (i) в is fuzzy subgroup 
of М, (ii) и(х+у) = u(y+x), (iii) (xy) > w(x), for all x, y in N. 


ІЁ р is both fuzzy right as well as fuzzy left ideal of М then p is called a fuzzy ideal 
of N. 


Let А c N and t e [0, 1]. We define A,<S(N) such that | 
AQ) =tifxeA 
= 0, ifx её A. 


If A = {x} then x, is called a fuzzy point. Fuzzy subset x, is defined by x(x) = 1 for 
x = 0, X(x) = 0 for x = 0 is called zero fuzzy subset of М. 


Let н, 0 є S(N). Then the sum р + Ө, the product p9 and the unary operation - p 
are defined as follows: For each x Е М 


(н + 8)(x) = sup{min{p(a), ӨФ)) 


x=a+tb 
(u98)(x) = sup{min{ а), 0(b)] 
х = ab 


(-p)X(x) = p(x). 

Let и be a fuzzy subset of a near ring М. Then the set {x є N: p(x) > 0} is called 
support of и and is denoted by р“. If 1 є Imp then р is called a unitary fuzzy subset. In 
case L* is finite then p is called a finite fuzzy subset. The set (x є М u(x) 2 t} is called 
the level set of и and is denoted by ц. For a fuzzy point x, of М, x is called support of x; 
denoted by supp(x,) and £ is called height of x, denoted by hgt(x,). The class of all fuzzy points 
of М is denoted by p(N) and (д) denotes the set (x, : x, € p}. 


Let N and K be two near rings, 4 and 0 be two fuzzy subsets of N and K respectively. 
Let F : AN) — р (К) be a mapping. Then fuzzy subsets F(u) : К — [0, 1] and F-!(0) : 
М — [0,1] are defined as follows: 


FD) = ОЕ) : x, € pW) 
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F-(8) = (x, : Fx) € 200) 
F(u) and F-!(0) are called image of и and inverse image of Ө respectively under Е. 
Let р and Ө be two fuzzy left N-subgroups of М. Then a mapping 


Е: p(y) -» p(0) is called fuzzy homomorphism of the fuzzy left N-subgroups и and 
0 if for all x, y, є р(д) 


@ FG, + y) = Fla) + FO). 
(i) Fl, y) = Fx) ВО). 


A fuzzy homomorphism F is called fuzzy isomorphism if F is bijective. We write u = 
Ө, if there exists a fuzzy isomorphism F : p(u) > р(Ө). 


3. PRELIMINARIES 


Lemma 2.1. [1] A fuzzy subset р of М is a fuzzy left N-subgroup if and only if the 
level subset ц, t € Imp is а left N-subgroup of М. 


The following lemma is straightforward so we omit the proof. 

Lemma 2.2. Let x, y, € p(N). Then (i) x, + y, = (x + у), where t ^ s = min 
{6 s) Gi) хо y, = (xy) и» (0) - (x) = C3) 

Lemma 2.3. Let p є S(N). Then u € F(N) if and only if the following conditions hold. 

(i) x, + у, Е p), for all x. y, € p(y) 

(1) x,y, Е р(и), for all x, y, € p(y) 

(11) —x, € p(w), for all x, e p(y). 

Note 1. It is to be noted that (p(w), +, о) forms a semi near-ring which is termed as 
fuzzy semi-near-ring. 

Lemma 2.4. Let x, and y, be two fuzzy points of N. Then the following conditions hold: 

(i) nx, = (nx), for all n € N. 

(ii) Xx) = (9), 

Lemma 2.5. Let N and K be two near rings. Let р and 0 be two fuzzy left N-subgroups 


of N and К respectively. If F : p(t) — p(0) is a fuzzy homomorphism then for every х, y, 
є p, : 


(i) supp [F(0)] = 0, where 0 and 0 are zeros of М and K respectively, and ¢ є 
(0, u(0)]. 
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(i) В-х) = FQ) 
Gii) FG!) = Во" 
(iv) hgt[F(0)] = hgt[F(x)] 
(v) supp [F(x)] = supp[F(x,)] 
(vi) hgt(F(x)] < hgt[F(x)] if t s s. 
Proof. Let x, є p(t) such that F(x,) = y, where г (0, (0)] and r є (0, 0(0)]. Now 
(i) F(x) = F(x, + 0) implies y, = y, + 1 where F(0,) = t, 
Thus 0, = 0, + Zp aS - у, Є p(y). This gives 0, = 2 апа һепсе 
z = 0 and this gives that supp[F(0))] = 0. 


(ii) Let F(O,) = 0, where s є (0, 0(0)]. Then it is easy to prove that r < s. Thus hgt[F(x,)] 
< hgt[F(0,)]. 


Now F(x, + (—)) = F(O,) implies y, + м, = 0, where F(-x) = wp rus ...(A) 
Thus 0, + w, = —y, + 0, implies w,,, = —y,. Hence w = —y. Thus from (A), we 
have y, + (-y), = 0, > 0,,, = 0. This gives r = s or u = 5. If r = s and u + 
s then u > s which contradicts (A). Similarly г + s and u = s gives us a contradiction. 
Hence r = и = s. Thus w, = —y,. Therefore Fi-x) = -Е(х,). 

(iii) the proof is straightforward. 

(iv) Let F(0) = 0. Then F(x, + Сх,)) = 0, for any x, e p(p). This implies F(x) + 
(х) = 0, which gives y, — у, = 0, by (ii) where F(x) = y, Thus г = s. 
This means hgt[F(0)] = hgt[F(x;)]. 

(v) If t = s then nothing to prove. Let s > Е Then we have, F(x, + 0,) = F(x,). This 
gives ty t 0, = F(x) where F(x,) = Zy Thus z,,, = F(x,). This shows that supp 


pas 


[F(x)] = z = supp [F(x,)]. similarly for г > s, the result holds. 


(vi) Let ¢ < s. Then F(x) = y, implies y, + 0, = y, where Е(0,) = 0,. Thus Yrs = 
у, and it gives г S v. Hence hgt[F(x)] < hgt[F(0)] = v = hgt[F(x,)], by (iv) 


4. MAIN RESULTS 
Now we prove our main results: 


Theorem 3.1. Let N and К be two near rings. Let p and Ө be two fuzzy left N-subgroups 
of М and К respectively. A mapping F : p(t) — р(Ө) is a fuzzy homomorphism if and only 
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if there exists an ordinary homomorphism f : н — 0° and an increasing function л : (0, n(0)] 
— (0, 9(0)] such that for every x, є p(y), Fx) = AMY: 


Proof. Let F : р(р) > р(Ө) be a fuzzy homomorphism. A mapping f : i^ — 6° is defined 
by f(x) = supp [600 for all x € р“, Also we define. п: (0, u(0)] — (0, 8(0)] such that 
лїї) = hgt [F(0))], for all £ (0, н(0)]. Then 

supp[F(x)] = supp[FGu,,)] = f(x) [by 2.5 (v)] 

and — hgt[F(x)] = hgt[F(0)] = x(t) [by 2.5 (iv)] 

Thus Fœ) = [ДЖ]: 

By lemma 2.5 (vi), it is clear that x is an increasing function. Next let x, у € p‘ and 
ЩА) = 1, Щу) = s 

Now. [Ах + Vla = Е + у) = Fly, + у) = Fx) + FO) = ІА), + (ЙУЛ 

This implies [Дх + у), = FOO) + А) 

Thus Дх + y) = fx) + ДУ). 

Also AY) = FOD) = Für) = Вх) Ву) = Ищу [КУЛ 

Thus (Ах), = (ХУ) 

And it gives Кху) = fix)f(y). Hence f is а near ring homomorphism. 


Conversely let x, y, Е p(w). Then F(x, + y) = F((x + y),,,}. It implies F(x, + у) = 
[fx t Wars) = [Дх) + Кулку = LAN a) + LAD) ars) = Р(х) + Ес») 


Similarly it can be proved that F(xy,) = F(x)F(y,). Thus F : p(n) > p(Q) is a fuzzy 
nomomorphism. 


Theorem 3.2. Let N and К be two near rings. Let р and Ө be two fuzzy left N-subgroups 
of М апа К respectively. A mapping. Е : p(u) — p(0) is a fuzzy isomorphism if and only 
if there exists an ordinary isomorphism f : и” — 0^ and an strictly increasing onto function 
п: (0, н(0)] (0, 0(0)] such that for every x, є p(p), 


Fx) = [Agcy 

Proof. Let F : р(р) > р(Ө) is a fuzzy isomorphism. We define f£: н — 0* and x: 
(0, (0)] — (0. 9(0)] as in theorem 3.1. Then it is sufficient to prove that f is bijective and 
л is strictly increasing onto function. 


Let x, y € p such that Дх) = Ду). Then supp[FG.)] = supp[F(y,,,)]. By lemma 2.5(v) 


we get supp[F(x,)] = suppl[F(y,)], where и є (0, (0)]. Also we have, hgt[F(x,)] = hgt[F(0,)] 
= hgt([F(y,)], by lemma 2.5.(iv). Therefore F(x,) = F(y,) and hence x = y. Thus f is one-one. 
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Next let y be any element of 0”. Then 8(y) > 0. So let Ө(у) = v and so y, € p(0) Since 
Е is onto, there exists x, є р(н) such that F(x,) = y, Thus Уи) = y, and hence fx) = 
у. It proves that f is onto. 

Now let t. s (0, u(0)] such that x(t) = n(s) Then hgt[F(x)] = hgt(F(x,)] 

Also we have. supp{F(x,)] = supp{F(x,)]. Hence F(x) = F(x,). This gives 1 = s 


Consequently т is one-one and by theorem 3.1., x is increasing. It follows that я is strictly 
increasing function. 

Again we claim that x is onto. Let u є (0, 0(0)] be any point. Let y є K such that 
O(y) > и. Then у, є p(0). Е being onto, there exists x, € p(u), Ё є (0, н(0)] such that F(x,) 
= y, Thus Ки) = y, It implies л(1) = u and hence п is onto 

Conversely let x, у, € р(и) such that F(x,) = F(y,). Then Их) = (ДУЛ) This gives 
fix) = Ду) and x(t) = n(s). Thus x = y and t = s and hence x, = y,. This proves that F is 
one-one 

Next let y, € р(Ө). Then Ө(у) > и, where y € 0* and u e (0, 0(0)]. 

Therefore there exist x є pt" and ; є (0, щ(0)] such that fx) = у and z(t) = u. Thus 
we have y, = ИхЛ ли) = F(x,), where x, € р(џ). Hence F is onto and by theorem 3.1., Е is 
a fuzzy isomorphism. This completes the proof. 

Note 2. Since a fuzzy homomorphism F : p(u) — (8) of two fuzzy left N-subgroups 
u and Ө of М may be defined by a corresponding homomorphism f: u* — Ө“ and an increasing 
function л: (0, u(0)] — (0, 9(0}], we use the symbol f, for Е. 

Corollary 3.3. A mapping f, : p(N) — p(K) where N, K are near rings is a fuzzy 
homomorphism if and only if there exists an ordinary homomorphism f : М — К und an 
increasing function л : (0, 1] — (0, 1] such that (7) = t for every t є (0, 1] such that f(x) 
= [fx)], | 

Theorem 3.4. Let f: N — К be a mapping where М, К are near rings and л: (0, 1] 
— (0, 1] be an increasing function. Let f, : p(N) — p(K) be defined by f(x) = ИЛ ау Then 
for any fuzzy subset р of М, 


Fw) (у) = уло). if x e f'y) 
=0 if f} (y) is empty. 


And also if т: (0, 1] — (0, 1] is strictly increasing surjection and Ө any fuzzy subset 
of K then, 


f, (OE lx), if fx) e 0° 
= 0 if fx) e 0* 
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Proof. Let y be any element of K. Then 
£006) = КАД : x e рО) = VEL ay) HOD 20) (A) 
=v{n(t): w(x) >}, ifxef'(y) 
= у(л(и): wx) =u}, if x e f(y) 
= v{n(u(x))}, if x e fy) 
Also from (A) it is obvious that if Р (у) is empty then ШО) = 0. 
Next let п be any element of N. Then, 
f (6) = olx, : f) € PON) = v(x(m : yy € PO 
= v(x(n) : R) > n(0) = vfu : R) = п(и), xan)  ... (B) 
If fin) e Ө then Еп) = v(u : п-0(#п)) = и} = м '[0(ffn))] 
if Дх) € Ө“ then from (B), we have f,~!(6)(n) = 0. 


Theorem 3.5. Let N and К be two near rings and mapping f, : p(N) — р(К) is a fuzzy 
homomorphism. Let р and and @ be two fuzzy left N-subgroups of М and К respectively. 


Then 
(0 500) = x((0)) 
(1) рст => А) с R&M) where п is fuzzy invariant sub near ring of М. 
(ii) 0 c v es / (9) С fol), v is a fuzzy invariant sub near ring of K. 
(iv) (нот) = f) o £m) 
Proof. (1) We have u(0) > p(x) for all x e N. Now 

FCO) = v(n(uG)) : Rx) = 0} = n(u(0)) since ДО) = 0. 
(ii) Let y be any element of K. Then 

fau) = у(п(щ(х)) : К) = y) € vin o9) : Дх) = у} = fano». 
Also if f'(y) is empty then f(O) = 0 = fo». 
(iii) Let x be any element of М. Then if f(x) є Ө“, 

f. (8)6) = [6009] < Ци») = Г) 
Also if Дх) е 9, then f. (6)() = 0 = Е (>). Hence we get the required result. 
(iv) Let y be any element of K. Then 
fono) = v(z(on)G2) : fa) = у) = Му usua) ^ ПО) : Rab) = у] 


a 
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= м[л(м в (на) ^ n(b)}} : fa fb) = рд = y Ка) = р, ДЬ) = 4 
= VH Yaj A) ^ (viu MN) : у = pal = vl Go(p) ^ fa) : у = pal 
: = [Q9 о АС) 
| Also if f-'(y) is empty then f,{non)(y) = 0 A) o AMY). Thus the result follows. 


Theorem 3.6. Let mapping f, : P(N) — p(K) where М, K are near rings be a fuzzy 
homomorphism and p be a fuzzy invariant sub near ring (ideal) of М. Then f(y) is fuzzy 
invariant sub near ring (ideal) of K if f, is onto. 


Proof. Let f. : p(N) — p(K) be a fuzzy epimorphism. Then there exists an ordinary 
epimorphism f : М — K and an increasing surjection л : (0, 1] — (0, 1] such that f(x) = 
AMM ү) Let a, БЕ К. Then there exists т, n € М such that f(m) = a, Кл) = b which gives 
‘fm + п) = a + b and fimn) = ab. Now, 


f (Xa - b) = v(n(uGO) : Ax) = a - b) > [vizum + п)) : Rm) = а, fin) = b} 
> у{т(и(л) ^ (n) : fim) = a, fin) = b} 
= Alv{x(udm)) : Дт) = а}, viniu(n) : fü») = 53] = ^(f Goa). £000) 
f(uXab) = v(n(p(x)) : fi) = ab} > vin(i(mn)) : Rmn) = ab} 
2 vi(n(pGn)) : Дт) = а} = fa) 


Similarly it can be proved that f. (u)(ab) > (ХФ). Hence f (и) is fuzzy invariant sub 
near ring of K. 


Note 3. The above result also holds if л is an increasing mapping. 


Theorem 3.7. Let mapping f, : р(№ — p(K) where М, K are near rings, is a fuzzy 
homomorphism and Ө be a fuzzy invariant sub near ring (ideal) of К. Then f,-'(@) is fuzzy 
invariant sub near ring (ideal) of N if f, is also onto which is constant on ker(f). 


Proof. Let x, y є М. If f(x), Ду) є 9 then Дх) + Ду) = fix + y) є O° and we have 

FONE + у) = v! [ftx + у))] > п-Ө(Қх)) ^ 900) = 17 [900)] ^ r7 [900] 

=f, (,)09) ^ f (0)0) 

It can be easily proved that f.~!(6)(—x) > f. 1(6)(), /.7100)(ху) > f, (9)G) and £7! (69)6) 
= f. (8)0). 

Next let x € ker(f). Then f(x) є Ө" and therefore f !(0}(х) = x7! [600] = 1c! [6(/0))] 
= т 1[6(0)]. Hence / —!(Ө) is constant on ker(f). 


Theorem 3.8. Let A be an ideal of М and p be a fuzzy invariant sub near ring of М. 
Let т: (0, 1] — (0, 1] be an increasing function. A fuzzy subset ША of N/A is defined as 
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WA(x + A) = v (n(un(yD:y e x + A} 
Then ША is a fuzzy invariant sub near ring of N/A. 


Proof. We consider the natural epimorphism f : М — N/A defined by ffx) = х + А, 
for all x є ЇЧ. By theorem 3.8, / (н) is fuzzy invariant sub near ring of N/A. Now for any 
х + А є NA, f (iG + А) = vin(ppD : Ay) = x + A} = м(х(щу) : y + A= x € Aj. 

= vin(p(y)) : v e x + A} = WA(x + А) 

Thus f(u) = ША and consequently р/А is fuzzy invariant sub near ring of N/A. 

Note 4. ША is called n-fuzzy quotient near ring of р with respect of A. 


Theorem 3.9. Let № and К be two near rings. And p and Ө be two fuzzy left N-subgroups 
of М and К гезреслуеу. If f, : p() > p(0) is a fuzzy homomorphism and f : р" — 0* is 
the ordinary homomorphism with A = ker(f) then 

нА = (WA) 

(i) Кш) = Cu)" 

Proof. (i) Let x + A € p'/A. Then x є р’ and hence p(x) > 0. Now, 

MAG + A) = у{л(щу)): y e x + А} = (п (у): y x e A} = у{л(щу)у:Йу)=Кх)} 

= ft) > n(u(x)) > 0. Hence x + A є (WAY. 


Next, let x — A є (ША). Thus p/A(x + A) > 0. Therefore FG) > 0. It follows 
that there exists y є p^ such that Ду) = f(x) and л(щх)) > 0. 


Hence y+ А = x * A e pA, 
(ii) Let fx) є Ди’). Then p(x) > 0. Now ДХ) = v(x(u(y)) : f) = fd) 
> n(u(x)) > 0. This gives fx) є (f,(p))’. 


Let fx) є (£,(1))'. Then f. (0((x)) > 0 and therefore there exists y є м” such that Ду) 
= fix) and n(n(x); > 0. Thus Ду) = fix) € Ди“). This completes the proof. 


Theorem 3.10. Let N and K be two near rings. Let p and 0 be two fuzzy left N-subgroups 
of М and K respectively. Let f,: р(и) — р(Ө) is a fuzzy homomorphism and А = ker(f). Then 
f) = wA. 


Proof. Since f: р“ — Ө” be the ordinary near ring homomorphism with A = ker(f), by 
ordinary near ring theory, A is an ideal of н“ and also p"/A = Ди". This implies н /А = (f,(u))". 
Therefore there exists an ordinary isomorphism m : p'/A — (f (u) where н /А = (ША)“. Now 
if x : (0, 1| — (0. Г] is identity mapping, then л: (0, p/A(A)] —> (0, f, (10(0)] is strictly increasing 
onto mapping where ША(А) = f.(pX0). Thus n, : р(ША) —> p(f,(p)) is a fuzzy isomorphism 
and hence (и) = ША. 
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Theorem 3.11. Let М and К be two near rings and mapping f, : p(N) — р(К) is a. 
fuzzy homomorphism where л is identity mapping. Let u and Ө be two fuzzy ideals of М and 
K respectively. Then 


(i) AWR = u(x), for all x € N if u is constant on ker(). 

(i) (ор) = u if p is constant on ker(f). 

(ш) (f, o f, 0) = Ө if f is onto. 

Proof. (ii) Let xeN. Let Ax) є (f). Then, 

RAO) = fL! (f 9609) = 90) = iG), by (0). 

If f(x) € (fe(w))", by definition, (Рио = А} = 0. 

Also, /(н)00х)) = 0 implies v(z(nQ)) : Ку) = Ax)} = 0 Thus p(x) = 0. 

and the result follows. 

(iii) Let у be any element of К. Then there exists x e М such that f(x) = y. Now, 
fe OW) = И 00001 = f (90009)1 = [ROG 

= Oy). if Дх) є 0'. 

Also if fix) = y € 0* then (f, ° FOXY) = 0 = 6065). Therefore (f, o f.-')(0) = Ө. 


Theorem 3.12. Let N and К be two near rings and mapping f. : p(N) — p(K) is а 
fuzzy epimorphism where л is identity mapping. Then there is а one to one order preserving 
corresponding between the fuzzy ideals of K and the fuzzy ideals of N which are constant 
on ker(f). 


Proof. Let X be the set of all fuzzy ideals of N which are constant on ker(f) and Y 
be the set of all fuzzy ideals of К. Define a : X — Y by a(p) = f(u) and В: Y > X by 
p(9) = f. (0). Then © and В are well defined and inverses of each other, by theorem 3.11.(ii), 
(11). Thus we get the required order preserving one to one correspondence between X 
and Y. 


5. EXAMPLE 


We consider the set N = (0, a, b, c) and binary operations +, ., 0 as follows 
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Then it is seen that (N, +, .) and (N, +, 0) are two near-rings. We define a fuzzy subset 
u of (N, +. .) and 0 of (N, +, o) as follows: 


ШО) = u(b) = 1, ща) = шс) = s where s є (0,1) 

and 0(0) = Ө(а) = 1, Ө(Ь) = 0(c) = t, t e (0, 1). Then p is a fuzzy left N-subgroup 
of (N, +, .) and Ө is a fuzzy left N-subgroup of. (ЇЧ, +, о). 

We define a mapping F : р(р) —> p(@) such that F(0,) = 0, = F(b,), 

F(a,) = a, = F(c,). for all u є (0,1]. Then F is a fuzzy homomorphism. So, there exists 
an ordinary homomorphism f : u` — 0^ where м” = (0, а, b, с} = 0” such that КО) = 0 = 
f(b), f(a) = Кс) = a and an increasing function x : (0,1] — (0,1] such that x(t) = t. It is clear 
that F(x,) = [Е(х)] о. 


Conclusion: The notions of fuzzy homomorphism and fuzzy isomorphism may lead to 
the fuzzy concept of exact sequence of N-homomorphism and using this concept one may define 
projective fuzzy N-group and injective fuzzy N-group. 
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SOME GENERATING FUNCTIONS DUE ТО CERTAIN 
ENTRIRE FUNCTIONS 


HEMANT KUMAR AND ОЕЕРАК KUMAR TIWARI 


ABSTRACT : In the present paper, we introduce an entire function by the product of n-different 
variables Mittag-Leffler’s functions E, and Бер: Then, we derive its related theorems and make their 
applications to obtain many special known and unknown generating functions. 
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Multivariable generalized Bessel function, Generalized Lauricella series in several variable due to 
Srivastava and Daoust, Multivariable generalized Kampe’de Fe’ riet function due to Srivastava and Panda 
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1. INTRODUCTION 
Mittag — Leffler [5, 6] defined an entire function of order l/a as 
Y. (z) 
BOUM 
ues | (as + q) 
provided that Re (о) > 0 and z є с. That is called a Mittag - Leffler function. 
A generalization of (1.1) in the form is given by 


E, p(z) = (zy 9- У C2 (12) 


ам 


provided that Re (a) > 0, Ве (В) > 0 and 2 e С. That is also an entire function of 
order l/a and has similar properties to that of (1.1). (See, Wiman [13,14] and Agrawal [1]). 


These functions are studied by many authors including Mittag - Leffler [5, 6], Erde'lyi 
(2]. Humbert [4], and Humbert and Agrawal [5] etcetra. (Also, see Srivastava and Manocha 
[11]. 


During various developments of fractional calculus. these functions have gained impor- 
tance and popularity due to direct applications in the field of physical and mathematical sciences, 
engineering and computation theory. 
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The Gamma function is defined by 


fa +n = a (1.3) 
where, А = 0, —1, —2, ..... , and (A), is the Pochhammer symbol which is defined by 
(A), = MA + 1) ..... (А+п- 1), ns123.. | |  .. (1.4) 
= 1, = 0 
Obviously, from (1.2), we have 
EG) = EQG) i (1.5) 
By -e6e J| 4: dH) o (1.6) 
E, (C22) = cosz Е (1.7) 
Е, aZ?) = sinz (1.8) 
E, (2?) = cos hz .... (1.9) 
E, 427) = sinhz Є (1.10) 
-z 
Fji(Vz) = 20-е Erfe(—V2) we (LU) 


Following functions, occured in the various fields of physics and engineering, are recalled 
here, in our work, in the form : 


у > 2 s 
К = 2. (-z 14 
Y" = (3) DEI EET FORESTS "mE (1.12) 


which is the generalized Bessel function. 


zs (zi m = 3 
Jinn(Z) ОНЕР ИТ oE[- m + Ln + 02/3) ] .... (1.13) 


which is the hyper - Bessel function. 


a ABTS T 3 
lm. (Z) ш (m + D[(n +1) 01 m+ l, n+ 1; (z/3) ] .... (1.14) 


which is the modified hyper-Bessel function. 


The function lg [.] is the generalized hypergeometric function of one variable, with 
p numerator parameters and q denominator parameters (non negative and non zero) defined 
by Rainville [8]. 
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Motivated by above work and by the well known property of entire functions that product 
of entire functions is also an entire function, an entire function that is defined by 


E [AziX,, ..... АХ] 


аз алп 


(1-1) 


ГА 


Bp-i 
| | aj | (==) 2 (zx o l.i (Az x, )%" ius 
xx тын (аха) А (оц, +В)... (OS) +В) ^^ ae) 


provided that all Re (о) > 0, Re (Bj) > 0, all z, be finite and all x, are not equal to 


zero where, i = |, ..., п. A may be real or complex. 
Particularly, 
n 
Ei, АХ... Аах] = ev Los .... (1.152) 
1= 


So that an entire function defined by (1.15) is the product of n-different variables Mittg- 
Lefler functions. 


Now, making an use of (1.2) and (1.15), we get 


n 
Eat By лат. Sates ^2 Хо] = П E, в Ах, aye (1.16) 


And then, setting 2 = Z Xj, ...., Z, = Z X, and A = ~z in (1.16) both sides and with the 
aid of the results (1.7) and (1.8), we get 


n 
Е» |, aiza, jov 2x] = П V ^ 0, (1.17) 
[EI 
and 
Е, 2 4 [zx gresas SOx] = П sin ZX, "T (1 18) 
E 
respectively. 


Again, setting Z, = ZX), ...., Z, = Zx, and A = 2 in (1.16) both sides, and then using 
the results (1.9) and (1.10), we get 


n 
En ale лы Шке [еШ ti (1.19) 


i=l 
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respectively 


Further, setting x, = zy ^^... „х= жыш and 2 = 1 in (1.16) both sides and then using 
the result (1.11), we find 


Eust edid zie га [E expl{2)+...+2,)] П Erfe(—JZ,) (1.21) 


And futher, setting z, — ZAJ? a ® = zx, ^ and X = 2712 in (1.16) both sides and 


n 
then using the result (1.11), we find 


Again. ın (1.15) for n = 3, setting A = 1/3, z, = Za = Z4 = 2, X, = X, X, = y and x, 
= —I/xy and then, making an use of series rearrangement techniques, we find 


E Бг A 
ay. By. 42. В2. аз, Ba ЕЙ. 2. 3xy 


$ - = ый = = = 
- y ал сал e 
2 
ERS a - 
where 
m+n $ (- (2 ) 


@ 1.62.03 7) = Z - (1.24) 
pin mald) 2 (o (m + s) + B) Га, (в + $) + By) T Cos + B3) c + Bs) 
which may be a generalized hyper — Bessel function. 


Further, in (1.15) for n = 3, setting A = 1/3, z, = 2, = Z, = Z, X, = X, X, = y and x, 
= |/xy, and then, making an use of series rearrangement techniques, we get 
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5 (Bir!) (By-1 Ba-1) (Bg-! B3- 
ERES TE leh CEN 


© 0,05, 0. 
о М а. (125 
х РА y Bi: Bo, Bs m,n T ( . ) 
where 
3s 
7. 
1.09.0 gor 2 (2) 


3 
ү (жуш Ше ушш эё RM RR (1.26) 
Bi BaBa "" (3) s=0] (04 (т + s) + | (оо(л + 5) + Bl (055 + B3) 
which may be a generalized modified hyper-Bessel function. 
Obviously, from (1.13) and (1.24), we have 


1,1,1 
LI jIoa(2 = J malz) TN (1.27) 


and from (1.14) and (1.26), we have 


LLI 
L1 мы (0) (1.28) 


Now, setting A = EET 
(1.15) for n = n+l, we get 


E ZX Xn -z | 





n+l y = e ` _ 
= (—2 jal) F(x; uou M oer, 


Qj, -- + > bp, Any] 


А J i 
=-% Ве с (1.29) 
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where, 





nb Y 
; Gal") 
sso (си (пы + 5) + By)... 


A ae my. my (2 = frat, 














кошш oN НИНЕН СНЕ 
„ба (т, + $) + Вы) (OneiStBoy? 8 7% (1.30) 
" | _ i | 
Further setting А = =, 2) =... = Za = Zm = 2 and x,,, = а in (1.15) for 
n = n+l, we find 
E NM XR. z 
би, o Bn ne bBn D п [777 п+1°(п + Dx... Ха) 
n+l 
ҮМ) n (Biot Bast 
a ? sí a pet = са 
acu) | u x) U апы | 
ИК 
X Bb. amm ОС? n Mnt g 7 
рое MINE CM ZZ (131) 
_ . where 
\ № 
n 
EUR NU TR е кж жИН 
Buses Ba Bai Ih om nl 0 (оту +s) +В)... (a, (m, +5) + B.) 


ccc 
[ко + Bort) ч) 


2. SOME THEOREMS RELATED TO THE ENTIRE FUNCTIONS 


Theorem 1. If all Re (а) > 0, Re (B) > 0, Re (y) > 0, Re (6) > 0 and all 
x, # 0, where, i = 1, ..., n, all z, =... = 2, = 2 be finite and X = 1/2, then by the definition 
(1.15), 


we have 
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x = 2 

Еву. "mE qoe 57 2 [2 ài Yn ы peeks E 

n Bi-1 5,-1 n 

тү 3a 
т (=) | "poo Y , >| mE ] 

Ву-1 -l А 
hod S) Ex™ Mn x ель) - (2.1) 
i=l Mp. Му z—» 1=1 В,,5; 
where 


2)" 
O,Yi Z T 63 
Ј = |= 
Bô, m (2) (3) E | (œ (m; + t,) + BO (yt, + 8,) 


Pe dese Mn (2.2) 
Proof. Recalling the definition (1.15), we have 
7Х ZX -Z -Z 

Earp. "ES e Zal. Ey 1.51. на Feo FE | 

s (Bit ict 
- (ailes 

2 

x X асч (2.3) 





si, .5n70 ty. .tp=01 (Sj + Bj) 


Now, setting s, — t, = т, ....., Sa — t, = m, in the right hand side of (2.3), and then 
making an use of series rearrangement techniques, we find 


E Ai Za |. E {=z -Z 
ар... .an-Bp p DNO ш; ҮІ... .Ур.ӧр 2x, Ae ее 2х 


а (Ву &,-1 Byrd &-1 n 5-1 
Л 
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T Qu. Y An Ү 
‚тї Mn | N ae n ny 
my. PE Xn Ex m (2) B,.8, КС) Sex (2.4) 
where 
2 41 
-Z 
| 7 mpo» | г 
Jm (z) = 
$5.5 7 g qeo [tam + tj) + Bol Gut; + 8) 
2)" 
ID E sedat M (2.5) 


Ja, (2) = 8" > 


Вб, пе FORT АЕО 135 


which are generalized Bessel functions analogous to (1.12). Hence, due to (2.4) and (2.5), 


we find (2.1) and (2.2) respectively. Thus, above theorem has been proved. 


i=l, ... 


Theorem-2. If all Re(a,) > 0, Re(B,) > 0, ВЕ (у) > 0, Re (6;) > O and all x, # 0, where, 


„n, all Bp us = Z, = Z be finite and А = 2. then by (1.15), we have 
2% ZX Z z 

Eui "E ELO zu Evi 8. "ES ЖҮГҮ x 

n > 

ҮВ-1 Sct) (i i) .Ү 
BE Yi туа dv ^y x"... ma Со! {> 
= (2) hi р Ls) 1 i a: pm 1 а Вб m (2) mm (2.6) 
where, 


aan 
RN m а" $ (2) 


7. ттт 
В.б, 2 t,=0 (о (m, * t,) + В.)Г(у,6 + б,) 


which are generalized modified Bessel functions. 


Proof. Making an appeal to the techniques applied to prove theorem 1, we can prove 


theorem 2 in similar fashion. 
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Theorem 3. If all Re(a,) > 0, Re (В,) > 0, Re (y) > 0, Re(5;) > О and x; # 0 where, 











M n, all z, =... - z, = 2 be finite and X =, then by (1.15), we have 
E ZX Zan J.E -Z =7 
айы Saa т?л] YL Yn Sal (n DG. x4) (хрх) 
E n föl n 
n/p- -l bol gji sfin 
zia) n | о ПУ, Y 
Ido xm cA Ap = ops Вы (2.8) 
Gaye "шр (30 
2: рун y 
И eas Mis d i у ds 2 
phe ча, ВВВ, $5, mal | 
where 
Qu EN Og Y 1---.-.› Уп " z m+. +Мл 
ЭРЕР BOLD. 8, Tm. m? кап г] = I 4 z) 
өмү y n41 Yn 
7 7. 
. ы") 4) 
и. 0 (ати + 0+...) + Bah- 
E EN ——— (ái 7 
veis [(a,(m, + 1+...) + B.)I (vit T 51}.....Г(у + õa) е (2.9) 


which may be multivariable generalized Bessel function. 


Proof. Recalling the definition (1.15). we have 


E ZX] ZX E | 27. =z 
uhi Un Bal ne 777 ne L| Y тада (n + DOG. x)" (n Du... XQ) 








emt, IT), [uc 2 т) 
= ( =) | vue c ei Às) "i 2 | 7 
пуф --1 сё m em 1+ in 

(AT) = 5, —_ 
sp. Sp=0 th -ty=0 | (as; + В)... (0,8, + Ba) 

z it tenth tata Gaye! PE E PPM TR 

x ——————— 

Г + j | (vti + б) mu | (Yat, + б) 
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now, in right hand side of above, setting $ — t, — ..... -t,-7m,... Sel eds - 


- m, and then using series rearrangement techniques, we get 


Blade Bit $ ыз " 
PUMA i i| Т) Ih X 


"her 








cw а 67") (RJ 


n 
di (e. (m, + ty+...4t,) +В)... 








ET (о (m, + tie. t) + В.) (cyt, 91) T (rst, +n) 


Hence, the theorem 3 is proved. 


Particularly, from (2.9), and with the aid of the well — known formula 








x qo Ха" х, +...+Х 
2. Т(тү+ О am 1... Хат = ӯ f(m X | ae 
тү. ,mgzÜ m,: m,! | mað "oT 
we find 
a Renee ‚©; К teens l mj+ EUM 
J = ( ) 
В, seere Bn: Ex А mi mp[z. z] n+] 





зү 
| aud 
ша 


0 (ол (ту + t) + В)... (o. (m, + t) + B,)t! 


which is a generalization of the function the due to Hayeck and Suarez [3], defined by 


ве ый Si 
да (x) = (Apert dag м (2.11) 


Hence, due to above theorem, other results ША the function ce àn (X) may be 


evaluated. 
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Theorem 4. If all Re(a,) > 0, Re (Bj) > 0, Re (у) > 0, Re (6,) > O and all x, # 0, 

















where, i = 1, ...., n, all Zi =... Z = be finite and А = 1, then by (1.15), we have 
E ВВ. ZX .E Z Z 
9 1. H1. nbn n+ I sees n+ | 71-61. -Yn-Ón (n a I(x., Xa) за (n+ 1(x)...x,) Т хх) 
a St} pi > (52) 
= ( 7. j^! а Fi MCA) 9 yah VS 
n+] up 
T О»... Oi Y sees Yn 
Sp UEM emp ema о! р | 2...2 
иц. me e В, —€— Ва; 9... 305 mi mal ] saves (2.12) 
where 
; | 
©... has Y qp. Yn a 
В, Dao o. ‚8 ш ты z] ral 
atl Vl п+1 үп | 
7. Z y 
| y^ +My $ (А + ) | aiu (А + z) | j 
i ns l ty. tg =0 (о (m + titta) + В)... р 
1 
(о (т, + tit.. +a) + B.) Git, +5)... (ут + чт (2.13) 


Proof. Making an appeal to the techniques applied for proving the theorem 3, we can 

prove theorem 4 in similar manner. 
3. APPLICATIONS 1 i 

In this section, we make the applications of the theorems stated in the section 2 to evaluate 
various known and unknown generating functions. | 

Setting à, =... = а = 2 = y, =... = y, and B, =... = В, = 1 = 6, =... = 6, in 
both sides of the theorem 1 and then making an appeal to the relations (1.17) and (1.19), we 
obtain the generating function 
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Bj, Mit +My 
zm dti 
шо cx ОХ ул 
mj. . mg [ (m, + 17 2) (m, + 1)..... | (m, +1/ 2j (m, + 1) 
| ЕГ ~ l | z 
x DE m +>. my + 1, 4-2] кй B= my ty. Mpa + 1, 5: -& TM (3.1) 
Setting à, =... = а = 2 = Ву =... В, and у, =... = ү =2 = $ =... = 6, in both 


sides of the theorem | and then making an appeal to the relations (1.18) and (1.20), we evaluate 
the generating function 


{si hs. sin "ES |= EE ...Sin Е 


s (z/ 4 -x)""(z / gym tn 


2 = x™ 
my pU. i [ (т, +3/2)I (m, + 1)... (т, +372) 1 (m, + 1) 





х oF; [-, m, + 3/2, m, + 1, 3/2; -22/64] ..... 
a X oF 15 m, + 3/2; m, + L 3/2; 2/664] 0 (3.2) 
Setting a, =... = а= 2 =Y =... = ү, and B, =... = В = 1 = $ =... = 6, in both 


sides of the theorem 2 and then making an appeal to the relation (1.19), we derive 








i " (x) "^ (z / gj"* EM 


= у Xp X 
mj. те ! : T (m +1/2)[(m, + 1)..... | (m, + 1 12) (m, + 1) 
х oF, [5 m, + 1/2, m, + 1, 1/2; 22/64]... 0Е31—; m, + 1/2, m, + 1, 1/2; z2/64]...(3.3) 


Setting à, =... =a, = 1/2 =y =... = ү аа Bj =... = В = 1 = 6, =... = б, in 
both sides of the theorem 2 and then making an appeal to the relation (1.22), we find 
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t t 
= тү+. + | e (2 га) | o (2 га) i 
- $ aam PIE A К BAS 
mj .myz-o 2 ty=0 T t Er ty =0 Mt th ana (3.4) 
Setting a, = ..... =a,=2=y7, =... = Т а В =... = В = 2 = 6 =... = 8 


in both sides of the ебет and then aang an appeal to the relation (1.20), we derive 


us 


= ка x хт 
my. в. a (m, + 1)[ (m, +2 /2)..... [(m, + I (m, + 3/2) 


х oF; [—; m, + L, m, + 3/2, 3/2; 22/64] ... oF; 5 m, + 1 m, + 3/2, 3/2; 22164]...(3.5) 
The result (3.4) тау be rewritten as 














^n 
ty t 
e m+ smp| cc (2 га) n (z / 4) 
= o Y xf... 8 ————— E ————— 
mj. Mga- 2 {| =0 m, + ti Шу ty 30 m, + in pine (3.6) 
2 2 2 





—\ 
а |e 
— 

© 
м 
© 
| 
> М, 
SoS 
ums 
ne 
и 


2 
n LL n ~ZX; 
= en] essc) 2 


mpt.mp| e (2 / 4)" © (27 га)" 


E ) ————— 
mj, tgp--2 tjz0 eee {1=0 m, IE QUT) 
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Setting à, = ..... -Qg,22-y,-..-y,andf(,-..-p,-1-28,-..-8, in 
both sides of the theorem 3 and then making an use of the relations (1.17) and (1.19), we 
obtain 





n/2 Р mj +My 
: (x) (aa) 
mp. а= n Fm + (m, + 1/2)... (m, + 0) (m, +172) 








+ 0:0:.....:0 [| -) : С); с... у J n+! 2 nel 
$ 1}. (1). WI Ex) eroe = Coan 
2а... (Mo + bmg + 25)... 0 +1) 4(n + 1) 
n+l / 
i 2 + 1 = 
provided that реа " 7) «landalx;sO0,izl,.,n u (3.8) 
where F QNA (z,, ... z,) is the multivariable generalized Kample' de Fe'riet 


function due to Srivastava and Panda [12, p. 1127, eq (4.1) et sq.]. (Also, see Srivastava and 
Manocha [11, p.65, eqs (21-25)]). 


Setting a, = ..... =a, = 1/2, В, =... = В, = | and у, =... = ү, = 2, and $, =... 
= 6, = 1 in both sides of the theorem 3 and then making an appeal to the relations (1.17) 
and (1.22), we obtain 





-ZX A тү. +m 
Erfc| 224. Erfc| 22 | = $3. Iss xe" (——) i 
n+l n+l mp. ,mp--o n+l 
n 
gtk [----- TTE: [El] NC ‚ү! 
х m ба m 1. llnoy по TIS ST |= 
п. 1 [$ 1 2 ОО 1 5 + 1 кыр на [12]; ys ) (- + ) 


A NEW CLASS OF FUNCTIONS 79 


| .В’. рип) 
where, the multiple hypergeometric series $ А Вы: В 


an pin) is known as generalized 


Lauricella series in several variables and is defined by Srivastava and Daoust [9, 10. p. 454]. 


Setting a, =... = à, = 1/2 = y, =... = Yy, and В =... = В = 1, ё, S = 6, = 
1 in both sides of the theorem 4 and then making an appeal to the relation (1.22) we derive 








-zx -ZX Р " 
‘в: + вв + [eee (т. + wo, 





= £o amooam(Lmy a 
mj. .mg nal 
œ.. 077777 ТЕЕ өн, [БЕП | н p ( ; ү 
xS Vu mos. cbr. шае Lj рат ir) 
п: 1 E edel] 5 etd LA a mi n n 
dud (3.10) 
Similarly setting various other values of а, Bj, y, and 6, i = 1, ....., n in both sides 


of the theorems 1 — 4 and then making an appeal to the result (1.16) to (1.22), we may evaluate 
different more generating functions. 


REFERENCES 
1. В.Р. Agrawal, A proposd'ume note de M. Pierre Humbert, С. К. Acad. Sci. Paris, 236 (1953), 
2031 - 2032. 
2. А. Erde'lyi et al., Higher Transcendental Functions, vol. 3, Mc Graw Hill Book Co. Inc., New 
York, 1953. 


3. N.Hayek and V. H. Suarez, On a class of functions connected with the hyper — Bessel functions, 
Jnànübha (23) (1993), 9-18. 


4. P. Humbert, Quelques resultats d'le fonction de Mittag — Leffler, C. R. Acad. Sci, Paris. 236 
(1953), 1467 — 1468. 


80 


14. 


А. ACIKGOZ AND S. YUKSEL 


P. Humbert and R. P. Agrawal, Sur la Fonction de Mittag — Leffler et quelques uries de ses. 
generalizations, Bull. Sci. Math. (2) 77 (1953), 160 — 185. 


С. M. Mittag-Leffler, Sur la nouvelle Function E,(x), C. В. Acad. Sci. Paris (2) 137 (1903), 
554 — 558. 


G. M Mittag-Leffler, Sur la representation analytique d' une branche uniforme ne fonction 
monogene. Acta. Math. 29 (1905), 101 — 181. 


E. D. Rainville, Special Functions, Chelsea Publ. Co. Bronx, New York, 1971. 


H. M. Srivastava and M. C. Daoust, On Eulerian integrals associated with Kample'de Fe'riet 
function, Publ. Inst. Math. (Beograd) (N.S.), 9 (23) (1969), 199 — 202. 


H. M. Srivastava and M. C. Daoust, Certain generalized Neumann expressions associated with 
the Kampe' de Fe’ riet function, Nederl. Akad. Wetensch, Proc. Ser A 72=Indag, Math 31 
(1969) 449 - 457. 


H. M. Srivastava and H. L. Manocha, A Treatise on Generating Functions, Ellis Harwood 
Ltd. New York, 1984. 


H. M. Srivastava and R. Panda, Some analytic asymptotic confluent expressions for functions 
of several variables, Math. comput. 20, (1975), 1115 — 1128. 


А. Wiman, Uber den Fundamental Satz їп der Theorie de Functionen E, (x). Acta. Math 29 
(1905), 191-201. 


A. Wiman, Uber die Nullstellun der Funktionen E (x), Acta. Math. 29 (1905), 217 — 234. 


Department of Mathematics 
D.A.V. College, 


Kanpur, 


U.P. India 


[ош Pie Wath, Vol 23,2006, pp. 61-85] 
A NOTE ON CONTRA-8-PRECONTINUITY 
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ABSTRACT : In this paper, a kind of continuity termed contra-6-precontinuity is considered via the 
concept of 5-preopen set. The relationship of this type of function with a few other existing allied types 
of functions are also studied. 
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1. INTRODUCTION 


In 1968, Velicko [12] introduced 5-open sets and in 1993, Roychowdhury and Mukherjee 
[9] introduced the notions of 5-prepen sets and 5-preclosures. Since then $-ргеореп sets have 
been widely used in order to introduce new types of spaces and functions. 


In this paper, we define a type of continuity termed contra-6-precontinuity by using the 
notions of 5-preopen sets and 6-preclosure operator. Some basic properties of this new class 
of functions are investigated. The relationships of this type of functions with a few other existing 
allied types of functions are also studied. Finally, certain relationships among сопіта-$- 
precontinuity, connectedness, graph and some separation axioms are investigated. 


Henceforth by spaces X, Y (or simply by X, Y) we mean topological spaces. We shall 
write р: X — Y to denote a function f from a space X to a space Y. For a subset A of a 
space X, clA and intA denote as usual, the closure and interior of A respectively. A subset 
A of a space X is said to be regular open (resp. regular closed) if A = intclA (resp. A = clintA). 
A set A of (X, т) is called à-closed [12] if A = cl;A, where cl;A = {x e X : intclU NA # 
ф for all И € x with x € U}. The complement of a 8-closed set is known as a 6-open set. 
A subset A of a space (X, т) is called 5-preopen [9] if A c intcl;A. The complement of 
5-preopen sets is said to be 6-preclosed. For any A c X, the union (intersection) of all 5-preopen 
(8-preclosed) sets in X, each contained in (containing) А is called the 5-preinterior (resp. 
5-preclosure) of A in X denoted by pint;A (resp. pcl;A) [9]. It is also well known that a subset 
A of a space X is 5-preopen iff for each x € A, there exists a 5-preopen set И such that 
хє ОСА [9]. Again it is known that x є pcl,A iff for each б-ргеореп set U containing 
ОРА * ф. 
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The family of all 5-preopen (resp. 5-preclosed, 5-open, regular open) sets of a space 
X is denoted by 5-PO(X) (resp. 5-PC(X), 8-O(X), RO(X)) while 6-PO(x) is the collection of 
all 6-preopen sets of X containing a point x є X. The above stated definitions and results (and 
further relevant details) are well known by now, and can be had, for instance, in [2]. 


2. CONTRA-6-PRECONTINUITY AND ITS APPLICATIONS 


Definition 2.1. [4] Let A be a subset of a topological space (X, x). Then the kernel of 
A is denoted by ker(A) and is defined by A{U et: Ag U}. 


Observation 2.2. Let (X, т) be a topological space and A c X. Then one can check 
in a straightforward manner that 


(a) x € ker(A) iff A ^ F = $ for any closed set F containing x. 
(b) A с B => ker(A) с ker(B). 
(c) А с ker(A) and if A is open, then А = ker(A). 


Definition 2.3. A function f : X — Y is said to be conta-é-precontinuous at a point 
x € X if for each closed set F in Y with Дх) є F, there exists И є 6-РО(х) such that 
КИ) © Е. f 1s called contra-ó-precontinuous (on X) if it is so at each point of X. 


Theorem 2.4. For a function f : X — Y the following are equivalent: 
(i) f is conta-8-precontinuous on X. 

(1) FHF) e 8-PO(X), for every closed set F in Y. 

(iti) РО) є 8-PC(X), for every open set U in Y. 

(iv) КреБА) c ker(f(A)); for any А c X. 

(v) pel (1 (8)) с f^ (ker(B)), for any B с Y. 


Proof. (i) => (ii) : Let F be a closed subset of Y with x e АЕ), so that fix) e F. 
Then by contra-d-continuity of f, there exists И e 6-PO(x) such that КИ) c F. Then x e U 
с f (F). So F(F) є 6-PO(X). 

(ii) > (iii) : Let U be any open set in Y. Then Y X U is a closed set in Y. Hence by 
(i). F! (YN U) = XV fF (U) e 8-PO(X) i.e., РЦИ) є &-PC(X). 


(Ш) > (i) : Let x € X and F be any closed set in Y with f(x) Е F. Then by (iii), 
F(YNF) 2 XNF(F) Е 8-PC(X) > f ЦЕ) є 8-PO(X). Let U = fF). Then x є И and 
КИ) с Е. 


(ii) => (iv) : Let А c X and y є f(pcl;A), but y € ker(f(A)). Then by Observation 2.2(1), 
there exists a closed set F containing y such that КА) ^ F = $. Hence A ^ РЕ) = 6. Now 
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by (ii), ГЦЕ) є 8-PO(X), where x e РКУ). Thus x e xd and hence f(x) = y € f(pclsA), 
a contradiction. Thus f(pcl;A) c ker(ftA))- : ; 


(iv) > (v) : Let B c Y. Then F'(B) c X. Then by (iv), fipcl;(£- BD) < keff  (B))) 
с ker(B) = pelsf'(B) с f" (ker(B)). 

(у) > (iii) : Let U be any open subset of Y. Then by (v), we have, pel; (f! (U)c 
F'iker(U))) = f (U) (by Observation 2.2(iii)). Thus ЦИ) = pel! (U)) i.e., РКО) є 8-РО(Х). 


Definition 2.5. A function f : X — Y is said to be 
(i) 5-continuous [6] if ГКУ) is 5-open in X for every V є RO(Y); 


(ii) 6*-almost continuous [8] if F'!(U) e 5-PO(X), V U є 5-РО(У); or equivalently, for 
each x € X and each V є ó-PO(f(x)), there exists а W є 6-PO(x) such that AW) c V; 


(iii) supercontinuous [5, 10] if £-!(V) is 8-open in X for every open set V in Y; 
(iv) RC-continuous [1] if f-!(V) is regular closed in X for each open set V in Y. 


Remark 2.6. From the definition of RC-continuity and contra-ó-precontinuity it follows 
that RC-continuity => contra-ó-precontinuity. However, we show in the following example that 
а contra-ó-precontinuous. function need- not be any, of the above types of functions. 


Example 2.7. Let X = (a, b, c}, x = (6, {a}, (b, с}, X). Then (X, т) is a topological 
space such that RO(X) = x = 6-O(X) and 5-PO(X) = P(X) Define a map f : (X, t) > 
(X,. x) by fla). b, b) =c and Кс)-= a. {a} is open in (X, т) but f£! ((a]) = (c) ¢ RC(X). 
Thus f is not RC-continuous. (Б, c) = RO(X). but РЬ, c)) = (a, b) € 5-O(X). Thus f is 
not 5-continuous and f is not super continuous (as Pb, c}) € 6- O(X) a as (0, с} є т). But 
f is clearly contra-à- -precontinuous. 


Example 2.8. Let X = (a, b, c}, t = (6, {a}, (b), (a, b}, X) and o = (6, {a}, (a 
b). (a, c), X). The (X, т) and (Y, с) are two topological spaces such that the collection of 
6-ргеореп subsets of (X, т) is т and that of all 8-preopen subsets of (X, c) is f(X). Consider 
the map f: (X, т) (X, с) by Ка) = b, fib) = c and ffc) = a: Clearly f is contra-6-precontinuous. 
But f is not 8*-almost continuous as (a, b) is 8-preopen in (X, с) but f'({a, b}) = (a, c) 
is not ó-preopen in (X, т). But f is not 5*-almost continuous as {a, b) is 5-preopen in 
(X. в) but f'(a, b}) = (a, c) is not 6-ргеореп in (X, т). 


Example 2.9. Let X = (a, b, c), t= (6, (a), {b}, (a, b), X). Then (X, т) is a topological 
space such that т = 6-PO(X). Consider the identity map f : (X, т) > (X, т). Then f is 
5*-almost continuous map but (b, с} is a closed set in (X, т) and f'({b, с}) = (b, c) € 
8-PO(X) and hence f is not contra-ó-precontinuous. | 


Next example shows б-сопипиоийз (super continuous) function may not be contra-8- 
precontinuous. 
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Example 2.10. Let X = (a, b, с}, т = (6, {a}, {b}, (a, b), X). Then t = 6-О(Х) and 
RO(X) = {$, X). Consider the identity map f : (X, т) — (X, т). Then f is 5-continuous as well 
as super continuous. But it is easy to see that f is not contra-ó-precontinuous. 

Theorem 2.11. Let f: X — Y and g : Y > Z be two functions. 


(1) f is 6*-almost continuous and g is contra-8-precontinuous => g f: X — Z is contra- 
5-precontinuous; 


Gi) f is contra-5-precontinuous and g is continuous > gf : X —> Z is contra-ó- 
precontinuous; 


(iti) fis super continuous апа g is RC-continuous — gf: X — Z is contra-6-precontinuous; 
(iv) f is 9-continuous and g is RC-continuous => g,f . X — Z is contra-6-precontinuous. 
Proof. The proof being straightforward, is omitted. 


Definition 2.12. A function f : X — Y is called 8-preopen if image of each 6-preopen 
set is 5-preopen. 

Theorem 2.13. Let f : X — Y be a surjective 5-preopen function and g : Y + Z be 
a function such that g f : X — Z is contra-8-precontinuous, then g is contra-ó-precontinuous. 


Proof. Let y € Y. Then by the ontoness of f, there exists x € X such that y = ffx). Let 
F be a closed set in Z containing g(f(x)). Then there exists a 8-preopen set U in X containing 
x such that e(f(U)) С F. Since f is б-ргеореп, КИ) is ё-ргеореп in Y containing y such that 
&(U)) c Е. Thus в is contra-8-precontinuous. 


Corollary 2.14. Let f: X — Y be a ó*-almost continuous, 5-preopen surjection and f 
: Y > Z be any function. Then е: X — Z is contra-ó-precontinuous iff g is contra-d- 
precontinuous. 


Proof. follows from Theorems 2.11(1) and 2.13. 


Lemma 2.15. [9] (1) Let A and X, be two subsets of a space (X, т). If A є 8-PO(X) 
and Ху Е 6-O(X), then А M Xy є 8-PO(Xy). 


(ii) Ас Xy c X. If X, € 9-O(X) and A є 8-PO(Xy), then А є 5-PO(X). 

Theorem 2.16. Iff : X — Y is a contra-5-precontinuous function and A is any 6-ореп 
subset of X, then f], : A — Y is contra-5-precontinuous. 

Proof. Let F be a closed set in Y. Then (Е) є 6-PO(X) (by Theorem 2.4(11)). Now 
A € 8-O(X), so (f |) (F) = A ^ ЧЕ) є 8-PO(A) (by Lemma 2.15). 

Theorem 2.17. Let f: X — У be a function and (U, : a € A} be a 5-open cover of 
X. If for eacha € A f li is contra-6-precontinuous, then so is f: X > Y. 
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Proof. Let F be a closed set in Y. Since f lu is contra-5-precontinuous for each a є 
А, CF УКЕ) є 5-PO(U,) (by Theorem 2.4(ii). Since U, € 5-O(X), by Lemma 2.15, 
(thi, JF) є 8-PO(X) for each a є A. Now f (F) = Uueal fl, Е) є 8-PO(X). Thus f 
is contra-8-precontinuous. 


Definition 2.18. A space X is called 


(i) 6-preconnected if X cannot be expressed as a union of two disjoint non-empty ô- 
preopen sets; 

(ii) 5-pre ultraconnected if every two non-viod 8-preclosed sets of X intersect; 

(iii) hyperconnected [7] if every open set is dense in X. 

Remark 2.19. Every à-pre ultraconnected space is 5-preconnected. 


The next two examples show that that hyperconnectedness is independent of the other 
two concepts of connectedness defined above. 


Example 2.21. Let X = (a, b, с} and т = (6, {а}, {b}, (a, b}, X). Then t = 8-PO(X). 
So X is 8-pre ultraconnected and hence by Remark 2.19, it is 8-preconnected but X is not 
hyperconnected. 


Example 2.22. Let X = (a, b, c) and т = (6, {a}, {b}, (a, b), (a, c), X). Then 
(X, т) is hyperconnected but not 5-preconnected (as 5-РО(Х) = 2(Х)) and hence not 6-pre 
ultraconnected. 


Theorem 2.23. Let f : X — У be a contra-8-precontinuous surjection and X be 
5-preconnected, then Y is connected. 


Proof. Straightforward. 


Theorem 2.24. If X is 6-pre ultraconnected and f : X — Y is a contra-ó-precontinuous 
surjection, then Y is hyperconnected. 


Proof. Suppose Y is not hyperconnected. Then there exists an open set V such that V 
is not dense іп Y. Let B, = intclV, В, = Y VclV. Then B, and В, are nonempty disjoint open 
sets in Y and hence РВ F'(B) are disjoint nonempty 6-preclosed subsets of X - a 
contradiction to the à-pre ultraconnectedness of X. Hence Y is hyperconnected. 


3. CONTRA-5-PREGRAPH AND SEPARATION AXIOMS 


Definition 3.1. The graph G(f) of a function f: X — Y is said to be a contra-5-pregraph 
if for each (x, y) € X x Y X G(f), there exist some И є 8-PO(x) and a closed set V in Y 
containing y such that (U x V) п С = $. 
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Proposition 3.2. The following statements are equivalent for the graph G(f) of a function 
f:X 3 ү: 


(i) G(f) is a contra-ó-pregraph. 


(ii) For each (x, y) Е X x YN G(f), there exists И є 6-РО(х) and closed set V in Y 
containing y such that AU) ^» V = $. 


Proof. Obvious. 


Theorem 3.3. If f: X — Y is contra-8-precontinuous and Y is Urysohn then G(f) is 
a contra-ó-pregraph in X x Y. 


Proof. Suppose Y is Urysohn and (x, y) X x У\ G(f). Then y = f(x). Since Y is Urysohn, 
there exist open sets V and W such that fx) e V, y e W and clV п clW = $. Since f is contra- 
8-precontinuous, there exists a 5-preopen set И in X containing x such that ДО) с clV. Thus 
RU) п ЧУ = ф and hence G(f) is а contra-5-pregraph in X x Y. 


Theorem 3.4. Let f: X — Y be a function and р: X — Хх Y be the graph of f, defined 
by g(x) = (x, Кх)) for each x € X. If g is contra-6-precontinuous, then so is f. 


Proof. Let U be an open set in Y, then X x U is open in X x Y. It then follows that 
ЧИ) = g (X x U) e 8-РС(Х) (as в is contra-5-precontinuous). Hence f is contra-ó- 
precontinuous. 


Definition 3.5. [3] A function f: X — Y is contra super-continuous if for each x € 
X and each closed set F containing f(x), there exists a regular open set U in X containing x 
such that КИ) c F. 


Theorem 3.6. If f: X — Y is contra super-continuous, g : X — Y is contra-5-precontinuous 
and Y is Urysohn, then E = (x € X : fx) = g(x)) is 6-preclosed in X. 


Proof. If x € X \ E then Дх) = g(x). Since Y is Urysohn, there exist open sets V and 
W such f(x) € V, g(x) Е W and clU A clW = ф. Since f is contra-super-continuous and g 
is contra-6-precontinuous, there exists U є RO(X) containing x and С € ё-РО(х) such ДИ) 
c clV and g(G) cclW. Let О = U A G. Then О is д-ргеореп in X (by Lemma 2.15) containing 
x and ДО) © g(O) = $. Then О п E = ф and hence x € pcl;E. Thus E is ё-ргесіоѕей in 
X. 


Definition 3.7. [11] A space X is said to be weakly Hausdorff if each element of X 
is an intersection of some regular closed sets. 


Definition 3.8. [2] A space X is said to be 


(i) (6, p)-T, if for any pair of distinct points x, y € X, there exist a 5-preopen set U 
in X containing x but not containing y and a 6-preopen set V in X containing y but not x. 
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(ii) (5, p)-T, if for any pair of distinct points x, y € X, there exist 6-preopen sets U 
and V in X containing x and y respectively such that И ^ V = 6. 


Theorem 3.9. If f: X — Y is contra-8-precontinuous, injection and Y is weakly Hausdorff, 
then X is (8, p)-T). 


Proof. Suppose Y is weakly Hausdorff. For any distinct points x, y Е X, f(x) = Ду) and 
so there exists regular closed sets V and W in Y such that Дх) є V, Ду) € V, Ду) Е W and 
fix) € W. Since f is contra-5-precontinuous, (У), РКИ) є 8-PO(X) such that x e f'(V) 
and y e f"(W) and x є РКИ). Thus X is (8. p)-T,. 


Theorem 3.10. Let f: X — Y is contra-5-precontinuous injection function having contra- 
5-pregraph. Then X is (6, p)-T,. 


Proof. Let x and y be two distinct points of X. Then f(x) + Ду) (as f is injective). Thus 
(x, fy) € X x YN G(f). Then by Proposition 3.2, there exists И є 5-PO(x) and a closed set 
F in Y containing Ду) such that КИ) ^ F = ф. Hence И n f" (F) = ф. Since f is сопіта-5- 
precontinuous (Е) є 5-PO(x) (by Theorem 2.4). Also y Е РКЕ) but x € РЕ) and x € 
U and y ¢ U. Thus X is (6, p)-T,. 


Theorem 3.11. Let f : X — Y is contra-6-precontinuous injection and Y be Urysohn. 
Then X is (5, p)-T,. 


Proof. Suppose Y is Urysohn and x, у be two distinct points of X. Then f(x) = Ду) (as 
f is injective). Since Y is Urysohn, there exist open sets V and W such that f(x) є V, Ду) є 
W and clV A clW = 6. Since f is contra-6-precontinuous, there exist ó-preopen sets U and 
G in X containing x and y respectively such that ДИ) c clV and ДС) c clW. Hence С A 
-U = ф. Thus X is (8, р)-Т,. 
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RELATIVE ASYMPTOTIC REGULARITY AND 
COMMON FIXED POINTS IN 2-METRIC SPACE 


S. S. Pacey, SMITA NAIR AND SHALU SHRIVASTAVA 


1. INTRODUCTION 


The notion of compatibility is given by Jungck (1986); Rhoades et al. (1984) used 
asymptotic regularity for a pair of maps. 

In this paper we prove a common fixed point theorem using the concept of asymptotic 
regularity of sequence in 2-metric space. 

In the proof of our theorem we need the following definitions. 

Definition 1. Let A and S be two self maps of a 2-metric space (X, d) and {x,} be 
a sequence in X. Then {x,} is said to be asymptotically S-regular with respect to A if 


lim d(4x,, Sx, а) = 0 


п- 0 


Definition 2. The pair (A, 5} of self maps of 2-metric space (X, d) is said to be compatible 


lim d( ASx,. SAx,, a) = 0 


no 


whenever {x,} is a sequence in X such that 


lim Их, = lim Sx, =/ for some t € X 
ях non 


Definition 3. An algebraic structure (X, d) is called a 2 — metric space where X is a 
non-empty set and d is a positive real valued function defined on X x X x X satisfying 


1. d(x, y, 2) # 0 

2. а(х, y, 2) = ОН atleast two are equal 

3. dy, y, 2) = d(x, 2, y) = у, z, х) 

4. d(x, у, 2) < d(x, у, а) + d(x, а z) + d(a, у) УаеХх 


This concept was given by Gahler and geometrically it gives the area of triangle. 
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Definition 4. A sequence {x,} is said to be a Cauchy Sequence in a 2-metric space 
X if 


lim d(x, x,, а)= 0. 
т. п-х 


Definition 5. Any 2-metric space (Х, d) is said to be complete if every Cauchy sequence 
{х„} in X converges to some point z € X. 


MAIN RESULT 


Let A, B, S and T be self maps of complete 2-metric space (X, d) satisfying the following 
conditions. 


ad (Ty, By, а)! + d(Sx. Ах, а) 
[1+ d(Sy. Ау, а) 
+ ajd(Sx, Ax, a) + “Ту, By, a)] 
+ a4[d(Sx, By, а) + Ту, Ах, a)] 
`+ ayd(Sx, Ту, a) 


; d(Ax, By,a) < 


where 
0 < max (a, + a, + a, а, + 2a, + ay, a, ча, ta) < 1 
and a, 2 0, i = 1, 2, 3, 4 
ii. (A, S) is a compatible pair of maps 
iii. S is continuous 
iv. d(x, Tx, a) < d(x, Sx, a) for all x e X 


v. ([x,] is asymptotically A-regular with respect to S and [y,] is asymptotically 
B-regular with respect to T. 


Then A, B. S and T have a unique common fixed point. 
Proof. For any positive integers m, n we have 
ad (Ty, By,,a)| l + d(Sx,,. Ax, a 
d (AX ps By, .a) < Ї ( Ри ) ( т т ) 
1+ а(5х,. Ty,. a) 
+ aj[d(Sx,, Ах, а) + d(Ty,, Ву» a)] 
+ ajd(Sx,, Ву, а) + d(Ty,, Ax,» a)] 
+ а(х,» Ту» а) 
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а (Ty, By,, а)! + а($х„. 4x,,. a) 
| + d(Sx,,, Ty, a) 

+ а, (5х Ах, а) + а Ту, Ву, а) 

+ аза (9х pp Ax,, а) + a4d(Ax,, By, а) 
+ а; (5х By, Ах) + аз (Ву, Ax,, а) 
+ ау (Ту, Ву» а) + аз Ту, Ах, By,) 
+ а (5х Ах, а) + а (Ах Ту, а) 
+ а (5х Ty,, Ах) 


< аа Ty, By, а}! + d(Sx,,, Ax, a) 
1 + d(Sx,,, Ту, a) 


+ а (5х 


т 


Ax,» а) + а Ту, By,, а) 
+ a,d(Sx,, AX,» a) + a4d(Ax,, By,, а) 
+ a,d(Sx,, Ву, Ах) + аз (Ву, Ax,, а) 
+ a,d(Ty,, Ву» а) + а; (Ту, Ax,, Ву,) 
+ а, (9х, Ах, а) + a,d(Sx,, Ту» Ax,) 
+ a,d(Ax,, By, a) + аа (Ву, Ту, a) 
+ a,d{Ax,,, TY,» By,) 


On further simplification, we get 


ad (Typ, Ву» а)! + d(Sx,,, Ax,.a) 


(Ах, Bv, a) < 
4(Ах„» Bv,. a) (1 — 4a – 2a,)[1 + а(5,. Ty,.a)] 


(ay + аз + 204) 


— с/х. Ах, 
(1 4а — 24) ( m Ах а) 
(a, + аз + а) а Ву а) 
(1 - 4а3 – 204) п 
Now 
Ах, Ах, а) < Ах, By, а) + (Ву, Ax, a) + (Ах, Ax, By,) 


< (Ах, By, а) + 2d(Ax,, Ву, а) 
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Hence we have 


ad (Ty,, By- @)| b+ d (SX), Ax,. a) 


d ( Ax,,, Ax, a) € 





(1 — 4a – 2а,)[1 + d (S, TY, 4) 


2n 


th + a, + 2а 
2 3 4 


xus Ах, 
j (1 - 4a; - 2a4) (5а Ахаа) 


(а; + аз + а) 


(1 = 4d а 2а.) а(Ту,. Ву,.а) 


E 2а (Ty,, By,.a)|| + d(Sx,, Ax, a) 
(1 — 4а; — 2а4)|1 + d(Sx,, Tv, a) 
E 2(а5 + ау + a4)d (Sx. Аха) 
(1 — 403 — 2aj) 
4 2(а + ау  a4)d (Typ, By, a) 
(1 — 4a; – 2a,) 
Taking limit as n, m — œ and using condition (5), we see that { Ax, } is a Cauchy sequence. 
Hence {Ах} converges to some point z in X. 
Now 
d(Sx,, z, a) S Ах, z, a) + d(Sx,, Ах, a) + d(Sx,, 2, Ах). 
Taking limit as л — оо, we see that {Sx,} also converges to z. 
In the same way we can prove {Ву} and {Ту} also converge to z. 
By condition (3), we see that (S2x,.] and {SAx,} converge to Sz. 
Now 
d(ASx,, Sz, а) < d(ASx, SAx, a) + d(SAx,, Sz, а) + d(ASx,, Sz SAx,). 
Since (A, 5] is compatible pair of maps so {ASx,} — Sz. 


Further by condition (1), we have 


a d (Ty, By, a) + d(S^x,, А$х„,а 


) 





d(ASx,. By,.a) < = 
| + d(S*x,.T¥,.4) 
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+ ajd(S*x,, ASx,, а) + d(Ty,, Ву» a)] 
+ as[d(S?x,, Ву, а) + d(Ty,, ASx,, а)) 
+ a,d(S*x,, Ty, a). 
Taking limit as n — со, we obtain 
d(Sz z, a) < (2a, + aj) d(Sz, z a) 
which is a contradiction. Hence 
SZ = 2. 
By condition (4), we have 
d(z, Tz, a) < d(z, Sz, a) 
= 0. 
Hence Tz = z. 


Again using condition (1), we have 


a,d(By,, Ty,, aJ + d(Sz, Az, а) 


а Az, By 5 5 
( Du a) [ + d(Sz, Typa) 


+ aj[d(Sz, Az, а) + d(Ty, By,, a)] 
+ a,f[d(Sz, Ву» а) + d(Ty,, Az а)] 
+ a,d(Sz, Ty,, a). 

Taking limit as п — о, we have 

d(Az, 7. а) S (а, + а,) (А2, z а) which is a contradiction. 

Hence Az = z. 

Further 

d(z Bz, a) = d(Az, Bz а) 

ayd(Tz. Bz,a)1 + d(Sz, Az, a) 

| + d(Sz, T. a) 





+ а,[4(52, Az, а) + a(Tz, Bz, а)] 
+ a,{d(Sz, Bz, а) + d(Tz, Az, а)] 
+ a,d(Sz, Tz, a) 
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which implies 
d(z Вг, а) < (a, + a, + a4)d(z, Bz, a) 
ie. Bz =z 
Thus z is the common fixed point of A, B, S and T. . 


Next, we will prove the uniqueness of z; let w be another common fixed point, then 
we have 


dw, 2, a) = d(Aw, Вг, a) 


2 ayd(Tz, Bz,a)|1 + d(Sw. А», а) 





1+ d(Sw. Tz, a) 


+ ajd(Sw, Aw, a) + d(Tz, Bz, a)] 
+ a,[d(Sw, Bz, a) + d(Tz, Aw, a)] 
+ a,d(Sw, Tz, a) 
which implies 
d(w, 2, a) < (2a, + a4)d(w, a a) 
which is a contradiction. 
Hence w = z 


This completes the proof. 
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FIXED POINTS OF MAPPINGS AND SET-VALUED 
MAPPINGS IN 2-METRIC SPACE 


UMA VYAS, SHALU SHRIVASTAVA, SMITA NAIR 


1. INTRODUCTION 


Let (X, d) be г ЕР 2-metric space and let B(X) be the set of all non-empty, bounded 
subsets of X. 


The function д (A, B, x) with A and B in B(X) is defined by 
&(A, B, x) = Sup(d(a b, x): a e A, b є В} 
If A consists of a single point a we write 
5(А, B, x) = (a, B, х) 
and if B alsc consists of a single point b we write 
б(А, B, x) = б(а, b, x) = а, b, x) 
Now we will prove a theorem to find the fixed point of set-valued mappings in 2-metric 


space. 


Definition 1. An algebraic structure (X, d) is called a 2-metric space where X is a non- 
empty set and d is a positive real valued function defined on X x X x X satisfying 


1. dí у, 2) #0 

2. d(x, y z) = O if atleast two are equal 

3. d(x у, =) = d(x, z y) = Фу, x) 

4. (х, y, 2) < d(x, y, a) + d(x, a, z) + da, y, 2) ає Х 

This concept was given by Gahler and geometrically it gives the area of triangle. 


Definition 2. A sequence {x,} is said to Cauchy Sequence in a 2-metric space X if 


lim а(х, х,а) = 0 


пп 


Definition 3. Any 2-metric space (Х, d) is said to be complete if every Cauchy sequence 
[x,] in X converges to some point z € X. 
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Theorem. Let F be a mapping of a complete 2-metric space (X, d) into B(X) and Га 
continuous mappings of X into itself satisfying the inequality. | 


9 (Ех, Fy, а) < c тах (d(Ix, h, a), (Ix, Fx, а), 
ô (ly, Fy, а), 8 (1х, Fy, а), 8 (lv, Fx, а)} ..... (0 


for all x, y іп X, where O x c < I. If F апа / commute and the range of I contains 
the range of F, then F and / have a unique common fixed point X and further, Fz = {z} 


Proof. Let x, be an arbitrary point in X and choose a point y, in the set 
Ехо = y] 


Since the range of 7 contains the range of F there exists a point x, with /x, = y,. In 
general, having chosen the point x, ,. choose a point v, in the set Fx, , = y, and then a point 
x, with /x, = У,. 


Let us now suppose that the sequence of real numbers 

{8(Fx,, Fx, а)} is unbounded. 

such that 

(1 - c)8(Fx,, Ех, а) > c G(Fx,, Ехо а) 

and 

(Fx, Ех. а) > max {8(Fx,, Fx, a):0sr«n) | /- B . (2) 
These inequalities imply that for г = 0, 1, 2, ..... n 

cO(Fx, Fxg, a) < cl8(Fx,, Ех, а) + 8(Fx,, Ехо, а) + 8(Fx, Ехо, Fxi)] 


< G(Fx, Fx, а) 
Using this result in eq. (2) we get 
(Fx, Fx, а) > с + тах (6(Fx, Fx, a): OS rs mp |— (3) 
We now prove by induction that 
&(Fv, Fx, а) < chs max {6(Ех,Ех,а)т1<„,$<п} |J —|— (4) 
for k= 1, 2. 15 


Using inequality (1) we have 
O(Fx,, Ех» а) < cw max {d(Lx,, lx, а), 8(1х„ Ех» а), 


ӧ(/х;, Fx,, а), (1х, Ех, а), d(x, Fx, a)] 


т 
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Using inequalities (2) and (3), this inequality reduces to 
(Ех Fx); а) < с (Ех Ех 


n=l?’ a) 


m 
Hence inequality (4) holds for k = 7. Now by Induction hypothesis we can assume that 
the result in eq. (4) holds for some k. 


Then 
5(Ех„ Fx, а) < cx max (6(Fx, Fx, a; 1 <7, 5 <n} 
< с тах{ (Ех, у, Fx, 4, а), S(Fx, у. Ех» а), 
6(Ех Fx, а), (Ехо Fx, а), 
(Fx. Fx,a)* lsr s.s n] 
< скі max {6(Ех„ Ех,а):0<тг,5<п} 
Using inequality (3), this inequality reduces to 
(Fx, Fx, а) S c*!« max (5(Fx, Fx, a): 1 srs Sn} 
and inequality (4) follows by induction. 
Letting k tend to infinity in inequality (4) it now follows that 
5(Ех„ Fx), a) = 0 
, contradicting inequality (2). Hence 
Jour assumption that the sequence {8(Fx,, Fx,, а)} is unbounded is false. It follows that 
М = ир{ӧ(Ех, Fx, а): r, s = 0. 1,2, ..... } 
< Sup{a(Px,, Fx, a) + &(Fx,, Fx, а) 
+ O(Fx,, Fx, Fx) i т, s = 0, 1...] 





is finite. 

Now for arbitrary є > 0 choose an integer N such that 
CNM < € 

Using inequality (1) for m, n > N we have 


(Ех Fx, a) < с ж max (G(Fx, ,, Fx, ,, а), 
(хи, Fx,» а), &(Fx, |, ES a), 
(Ех рь Fx, a), &(Fx, р, Ех» a)) 


<c x max {8(Fx, Fx, a), 6(Ех, FX» a), 
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o(Fx, Fx,a):m-isr, r&mn-isssszn] 
< c? ж max (8(Fx, Fx, а), 8(Fx, Fx,, a), 
5(Ех, Fx,a):m-2szrr&mn-2s&ssszm) 
< с\ х max {8(Fr,, Fx, a), (Ех, Ех» a) 
5(Fx,, Fx.,a):m-Nsrrszmn-Ntssss&n| 


<M 
<€ 
Thus if z, is an arbitrary point in Fx, for n = 1, 2, ..... we have 
d(z,, Zp» а) S 6(z,, Ех» а) 


< B(Fx,, Fx, а) 
« € 


for m, n > N. It follows that the sequence {z,} is a Cauchy sequence in the complete 
2-metric space X and so has a limit z in X. Since I is continuous, the sequence {/z, } converges 
to Iz. 


Further, there exists п > 0 such that d(Iz,, Iz,, a) < = whenever d(z 
1 is continuous, however each point z, is chosen in Fx, 


пь Zp а) < 1, Since 


But there exists an integer № such that q(z,, 
1 9) < € if m, n 2 М. 


z, а) < m if m, n 2 № and so 


а 


т 
Since 2, is an arbitrary point іп Fx,, it follows that 5(/z,, IFx,, a) < є for m, n 2 М. 
In particular the point /v,,, is in Fx, and so the sequence [[x,} converges to z, the sequence 


{х} converges to Iz and 


(x, Fx, а) < Е 

(Px, IFx, а) < є for m, n > max (N, №} 
Now 
AP xij Ix, us а) < $ (Fx, Fx, a) 


= O(Fix,, Fx, a) 

S сж max {d(Px,, Іх, а), &(Px,, Ех, а), 
Ox, Fx, а), 5(?х y Fx; а), 
dUx,, Flx,, a)) 


n 
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X c ж max TIEA Ix а), €, €, 
Рх, Ix, a) + &(Ёх„ Fx, 1x) 
+ 6(1х„ Fx,, а), d(Ix,, Fx a) 
+ (0х, Flx,, Px) + 5(Рх, Ех» a)) 


< c ж max {d(Px,, Ix 


p @)› ©, Sy 


d(Px, Ix, a) + € + є, d(Ix,, x, a) + e + €) 
< c ж max [d(Px,, Іх, a) + 2€] 
for n > max {№ №}. 
Letting n tend to infinity we have 
d(lz, z, a) < c{d(lz, 2, а) + 2e] 
and if follows that 
ГЕ = 2. 


Further, since 2, is іп Fx, 
S(Fz, z, a) < B(Fz Fx, a) 
< c ж max (d(Iz Ix, a), 8(Iz, Fz, а), 

O(Ix,, Fx,, a), 80, Fx, а), (1х, Fz, а)} 
c + max (d(z Іх, a), 8(z, Fz a), 

ӧ(1х Ех a), (2, Fx,, a), Их, Fz a)) 
<c ж max (e. ó(z Fz, а), є, є, (Ix, Fz, а)} 


for n > max (N, N’}. Letting n tend to infinity we have 


n 


O(Fz, z a) < c x max (e, 8(z, Fz, а)} 
and it follows that 


65, 2, а) = 0 


Thus, z is іп Fz and Fz = {z}. The point z is therefore a common fixed point of F 
and /. 


Now suppose that F and 7 have a second common fixed point w. Then 
6(w, Fw, a) € 8(Fw, Fw, а) 
< c x max (d(/w, Iw, a), Sy, Fw, a)) 


= с» (и, Fw, a) 
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So that 
é(w, Fw, a) = 0 

It follows that Fw = {w} and so 
d(z, w, a) = &(Fz, Fw, а) 
< c d(z, w, a) 


The uniqueness of z follows. This completes the proof of the theorem. 


ACKNOWLEDGEMENT 


Both the authors are thankful to Dr. S. S. Pagey of Institute for Excellence in Higher 
Education, Bhopal for his encouragement and support for the publication of the paper. 


REFERENCES 


1 Brian Fisher, 1982 - ‘Fixed points of mappings and set valued mappings’, J. Univ. Kuwait 
(Sci) 9: 175 - 79. | 


2. Das, К. М. & Vishwanatha Мак, К. 1979 - ‘Common fixed point theorems for commuting 
maps on a metric space’, Proc. Ат. Math. Soc. 77 : 369 - 73. 


3. Fisher, B. 1981 - ‘Set - valued mappings on metric spaces’, Fund. Math. 112 : 141-5. 


4  Kaulgud. М. М. & Ра, D.V 1975 — ‘Fixed point theorems for set valued mappings’. Nieuw 
Arch. Wisk 23 : 49 — 66. 


Uma Vyas 
Institute for Excellence In Higher Education, 
Bhopal 


Shalu Shrivastava 
Sri Sathya Sai College for Women, 
Bhopal 


Smita Nair : 
Sri Sathya Sai College for Women, 
Bhopal 


A NEW MULTI DIMENSIONAL INTEGRAL TRANSFORM 


В. С. SincuH CHANDEL AND S. S. CHAUHAN 


ABSTRACT : In the present paper, we introduce multidimensional integral transform to present its 
certain interesting applications to the theory of generalized multiple hypergeometric functions of several 
variables including multivariable H-function of Snvastava and Panda [17, 18] We also discuss their 
special cases. The various operational formulas thus obtained are believed to be new. These results may 
be used in deriving new and known properties of special functions involved. 
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1. INTRODUCTION 


Chandel [1] introduced multidimensional Laplacian operator to give integral represen- 
tations of Lauricella's multiple hypergeometric functions of several variables [15]. Chandel [2] 
further used this operator to give integral representations of multiple hypergeometric functions 


Ep) and (Ep! of Exton [12, 13]. Further Chandel and Dwivedi [4, 5] introduced 


multidimensional! Whittaker transforms of Lauricella's multiple hypergeometric functions [15], 
Exton [12, 13] and generalized multiple hypergeometric function of Srivastava and Daoust [16] 
(also see Srivastava and Manocha [20, p. 64 (18), (19), (20)]). Recently Chandel and Kumar 
[6] have made applications of above multidimensional integral transforms to derive the results 
involving Srivastava and Panda's H-function of several complex variables [17. 18]. 


Very recently, Chandel and Chauhan [3] have introduced two multidimensional Laguerre 
transforms to present its certain applications to the theory of generalized multiple hypergeo- 
metric functions of several variables including multivariable H-function of Srivastava and Panda 
[17, 18]. 


In the present paper, making an appeal to the result due to Erdélyi et. al. [11. p. 311, 
eq. Q8)] 


apre; == rj 


ress) 


je? Ф pus + (1+ [м = 
ü 


102 R. C. SINGH CHANDEL AND S. S. CHAUHAN 


0 « Re(s) « 1 — Re(v), 
we introduce a new multidimensional integral transform defined by 


Е z 2 5 
Г(оџ+..жо,)Г(1/2 4 a - b - оу. жо, o) tnr Pane! 


(umo amo S EU ВИАН 
T(a,)...F(o.,)T (2a + 20,+...420,)P(1/2-(a +b + оу+...+@„)) 


Ul. Un 


» vc 2b 
Т... х, (1+ х) ань) + (1+ xe) | 

0 0 

apio at oed 

where 0 < Re(a + à, +... + a) < 1/2 — Re(b), Rea) > 0, i = 1, ..., n. 


and present its certain interesting applications to the theory of generalized multiple 
hypergeometric functions of several variables including multivariable H-function of Srivastava 
and Panda [17, 18] (also see [19], p. 251). We also discuss their special cases. The various 
' operational formulas thus obtained аге belived to be new and may be useful in deriving new 
and known properties of special functions involved.’ 


2. OPERATIONAL FORMULAE ` 


Та this section. we establish the following operational results: 


QU Rr pes 


а -2(п1+ +07) 
(2.2) Rt aa qs ex s eae? +(1 exem) "| 


Г(1/2+а-Б+о+.. +а,) 
о 
49 (2а + 2043...320, E (1/2 — (a +b + a4...) 


T 2a + 201+... +20,, + 2(&ү+...+ё))Г(1/2— (a +b + oq. +A) + т — &ү+..®т„ = En) 
I(1/2-a—b-F agr. a, +E mp5, + n,) 


where 0 < Re(a + 5, +... + 6, * à +... + à) < (I2 — b 4 mj +... + т) and 
Re() > 0, i= 1, ..., n. 


А É c 2(np -+n 
Q.3) КАЛЕ XP os ex," meses em) e (Le apt ot) T om | 
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Tr(a.. +a) Иа, + А,) (1/2 + a + ot. жо, — 52 Etat Fon tn) 
i= 


х 


тышы E СОКСА БОДИН ce Vas ыы == E 5 Ча ЕРУНДА ЕА 
T (a)... Tr(a, E | (o, + A,)E(2(a + оц+.. +а,)) (17 2 — (a + ayt..ta, + в) 


Г(2(а+о+.. а, tE A8, E X,))T(I/2-a-5- (n, + Apt, A) т.т, 7 5,) 
Г(1/2 ъа Р+оу+.. о, $A, tb) ty te tAy ERE, Fn) 


valid if 0 < Re(a + $, +.. +6, +4 t+, tA, +... FAY < Ке (1/2 – Б + 
"n +. + т, 


Rela) > 0, Re(A,) > 0, i = 1, ..., n. 


3. RESULTS INVOLVING SRIVASTAVA AND PANDA'S H-FUNCTION OF 
SEVERAL VARIABLES 


In this section, making an appeal to (2.2) and (2.3), we derive the following results 
involving H-function of several variables due to Srivastava and Panda [17, 18] 


(a.b) Re Oe A ое c etie 
(3.1) Ruy аң n [8.0], sat) oin (gw... qo... (0): 


genes 


u(x, +... + x) ls Жы] A dO bx) 


-2 
oy (хр H+ ху (м +... + х)? + (1+ +... + | nn | 


Г(1/2+а-Ь+@+.. + a) 
Г(2а + 2a, +..+20,)P(1/2-(a+b +0, +.. + @„)) 


02.42 (ia. Ca [cae iria ө], [1 - 2a - 204... 20 4:28 ....,28,} 
A+2.C+1[B D] атое] [кеци ui /2—-а+6Ь—0%—..—®%„:©ү + Hy. Sy + Tink 


[1/2 +a +b + ач. жат Ёр. = Ent COLI (6) eu. ER 
Qot (am om, e 7 a 
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provided that 0 < Ке(а + a, +... +а,) < 1/2-Ве(Ъ), Re(a,) > 0, |arg(u, / 4%) <A 





4 p? н (1) р“ ) 
where A, =- © al? + E о Y QU - y? - cy 8 — X: on »(.izl. 
n Ey ns muU у=! j=l iy 


i [perm (uti) f [lar0',...0 1. [rmm 


(3.2) m 4.C [B.D]. [gini pn] [swiss yn]: [dy ou (a): a 


x А 2n 
nxi (x, + ..# x? [es +.. + x) ^ Bx m M 


-2 
DELE E: x^ les dusk x). + (Lt aj E d na } 


X T(a,)IIT(a, + А,) (1/2 +а-В+а+.. ла) 
= izl 1=1 


(a, + ^) re« + 2a 4..420, T(1/2 — (a +b + o)+..40,)) 


T oa (и). atv | [ка):0' aus e| 
incu [9.0]. [509.00] ory... wt 


[| - 2a - 2a4—...-2a,2(5,  ).....2(5, + X,) [1/2 +a +b + attan 6 - А 


[1/2 =a +b- Or. Oy E + тү + AEn + Ny + Ank 


[((5'):9]:...: |; e E ü 


n 


[кте (a0): ps дї” * ML" B 
valid if 0 < Re(a + a, +... + à) < 1/2 - Re(b), Re (a) > 0, Ке (А) > 0 


ате (и, па) < A, n2, 
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| 0) (1) o pu 
where А, =- $ eO $F (0 - b фи " $ y? ey 5 DES 5% »0 i=]. п. 
pail 171 pov" gy j=! jal EUN 
Special Cases of (3.2) 
G) For a, = 0,7 = l, .., n, (3.2) reduces to (3.1). 
(i) For n, = § i = 1, .... n, (3.1) reduces to 
ah | OCH)... yin un ев" [0:4]... [ве gmt 
(3.3) plat) H | ) | | | ( } 


т кошот 82 ОВ [аа 


-2E 
a(x +... + xl Budd) "El ek х)" HR 


-2t 
(t eot хе tata) + (lt ay to + х) “) 


T(1/2*a-b- a +... +а,) P od кие). (ul?) vl) 
Г(2а + Зо +... + 20,) (1/2 - (a +b + a+.. +а,)) а+.с+1[807 T2190) 





| o) еты gn] [I - 2a - 2a4—...-2a, : 251...., 25,]: 
VG SNP cos y" /2—a +h- aq. 7, 125, 25,]: 
Ke) e... [o am] щ ош 


(4) er... |") 8m ad , aT 


where all conditions of (3.1) are satisfied. 
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4. RESULTS INVOLVING MOST GENERALIZED MULTIPLE 
HYPERGEOMETRIC FUNCTION OF SRIVASTAVA AND DAOUST 


In this section, making an appeal to (2.2) and (2.3), we derive the following results 
involving multiple hypergeometric function of Srivastava and Daoust [16, 20]: 


ab в: ви? [cay :6",...,0] : [(6'):6];. [pope] 
(4.1) RE. ! i n. pi [О yw): [(4):5];.. [es 


-7 
E 1/2 1/2774 
mot) essen) + (1+ хү+..-®хл) | PN 
21 
t ya] ?n 
us (м+.. ex) [Са bx)? + (Leone) | 


РИТ [а}ө’.....0"1 [2а + ал+. 2,26... 28, 
C Dt... Dp!) [о ТЕЧАТ! (2+ a-—b + at.. +A E+ n, e, + Mat 


| /2—a-b - (ay...) n = Ss. -6, | Ke: oF- (> “| ШШ; и ш 
KeS]... (а) gm ir 451? ' дэп 
where 0 < Re(a + a, +... + а) < 1/2 - Re(b), Re(a,) > 0, 


p) 
and | + i y + б К = D en - b $20i2L2,..n 
jel zzi 


pis. am [xe а e" Hone)... [oe 


; a.b) 
(4.2) m ua) esp. pun [xw .... v (М 


-2 
n (apt. tty) eise + (1+ xix) | es 


2 
ux, ич. +x Joe)? " (1 + хн) "j 
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Lg bet Ий [2x99] — [ра+2щ+.42а„2(& X), + Pn) 





C42 p. pin) Бї, ae vj 12 +а-Ь+аџ+.. жа А +5 + у, А FE, + n]. 
[| [2 —-u-b- Q, и a, Ny = А. Ops fly = À, = EI 
[o +... +а:А....,А, | 
[0:9]. [o.:: 34 bee: |o) $" [ar AE " " 
[d :8]....: lu uS 


valid if 0 < Re(a + a, +... + о) < 12 - Re(b), Re(a,) > 0, Re(A,) > 0 


C р“) А p? 

and 1+ Б? ZSP- EOP- E 0, і = 1, п, 
j=} j=l 171 /=1 

Special Cases of (4.2) 

(i) For A, = 0, i = 1, ..., n. (4.2) reduces to (4.1) 


(i) For n, = &, i = 1, ..., n, (4.1) reduces to 


а,Ь д в. pon [a:o e" ie] (6) e 
(4.3) к гє aput Ow yke] (n); 


L opie pun ko): Ө'..... gn ра + 20, +... + 20,25,,...25,]: 
CHD. DU) [cox wi up 12 +а-Б+ор +... 4+0,:28),....26,]: 


[(5') (o) am > dn u, 


ka) IE ru] quce 


provided that all conditions of (4.1) are satisfied. 
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5. SOME RESULTS OF SPECIAL INTEREST 


In this section, we derive following few results of special interest: 


А 312 
(5.1) RU. felta +. + Uy (x, + +) +...+ x,)^ IUS я" | | 


а+о +...40,)/2+a+0,+...+4,: 
Е 2 
71/44 (a—b+a,t...+0,)/23/4+(a-b +0, +... +, / 2:0 | 


where 0 < Re(a + à, +... + &,) < Ш2 — Re(b), Re(a) > 0, i-21,..nm 


142(a-b+ay+ .. = 
4 


(5.2) RED fas (m +... + и Хм +... + xp) 
Uje On 


(6 +... + x)? + (1+х, +... + x)? 


а+о +... +9,.1/2+а+о +... t 0; PAEST 
= gf 3+2(а-Б+а +... +4} ees 
aa i aaa gren ын 


Tous va 
7 


(53) Rie) dic cepe ctu rest xo 
u |... On [o e y^? +(1+ nE 
^I ... n х +... + XQ) 


TO +... +044 /2+а+4 +... +0: 
| 1+2(a-—b+a,+...+4,). TLLA, 
ee Ее : 


n 


FÁ I-Qa-b-a, +... +а 3+2(a-b+a,+...4+a 
E | ii | H . 
(5.4) RG, a | én ( 4 ) ( 4 3 


. th (хү+. $ +х„) u(x +.. +х„) 
Ci изо С, 


m Jovo 3 
es doa (tia +) | les tex e (s xe) | 


lu 
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ц ti 
= Racy +..¢0,1)/2+a+0, +... d 


provided that 0 < Re(a + a, + ... + а) < 1/2 - Re(b), Re(a) > 0, i = 1, .. п 


Dude < 2 


m 


1+ 2(a— b Tec 
(5.5) ac aas +O +. +0 


мод +... x) U(X +... + Хх„) 
— ш. 
(чих) (br xps x) [os tob җә +(1+хү+..+х„) 


a= 
= БШ 2+ ata, +... + Ap 5..... е ee eE 2 "|. 
4 Дд 
valid НО < Re(a + a, +... + о) < 2 — Re(b), Re(a)) > 0, i = l, ..., п 


max (|u| +... + ul) < 4. 


(56) RO C aa Иа dard 


| uy +... xy) ` uy (x + ...+ хи) 


` , Й > 
^? 
los duce Tax ee)? [es t2. 4x) e x uox) 


3-2(a-b Op +... +A) m Ш 
4 4 qesta 4 i^ 


- g(a +04 +... QOL. uuu bL ————— 
where all conditions of (5.5) are satisfied. 


34+2(a-b+a,+...+¢4 
| | РА Я . 
(5.7) ME 7 ) B, ed + Oy $$ Oy! 


а 5 
lon oxy)? ++ + +)? [os ox) ee xo +x,)'?| 
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(a-b ~ T 
= FY 1/2+а+а@+...+ Ob... pit Аа Mni д. ta) к г 
! 4 4 4 
provided that all the conditions of (5.5) are satisfied. 


(5.8) a eT [жаар EPO 


и) (5х, +... x) и„(хү +... + x) 
В 
[о +... x)? tx... +х,)2 | [os T +х„)!? +t x, +... +х„)!? 


Ha — 
Ж rina +O, +... tO seus Ac : A LLLT La КО а 


valid if all the conditions of (5.5) are satisfied. 


6. RESULTS OF VERY SPECIAL INTEREST 


In (1.1) considering b = — [1/2 +a + œ, +... + о], which is valid under given conditions, 
we derive the following interesting results: ` 


= Ut... FUNNY Ft... +, 
(6.1) ia vu +“) )) ехр (ш А З | и) a 
: [от +..+х„) "uo Dp t. +x) | 


= ila +оо +..+а,1+3/4(а+а, +... E rd 


4 
(62 Р tan png *3/4(a c Oy +... + Oy) baies ese Cg; 
uy +... + xy) uy +... + Xy) 


2 


2^" ЕЈ 3 
[fos Fue x (рж. ex^] [cs +...4%,) +++... +x,)'?] 
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(ul +... + ju) < 4, Re(a + a, 9 + а) > 0, Rea) > 0, і = 1, ..., п 
(d.—(0H/2-a0] + А Е 
(6.3) RECO PaM ROn... а, Bhs vena yh + о +. Qt 


shy 


u(x +... +) U(x) +... + хл) 
аа 2 
los Sea tx)? e d xp us +) [Gi $y)? + (I +... +) 


= ria -€— 0,5... D 1+3 /4(а+а +... + о); wes а) 


max (luih н) < 4, Rela + a, +... +a) > 0, Re) > 0. i=l, ..., п. 
(6.4) RU Шотана а +3/4(a & à, +... + Ap), PC, 006 


Is Uy n 


(Xj) +... xX) Uy (X) +... + х„) 
ашаса 
[o +.) +@+х +... +) [oy ox) e Lon +... tm)!” 


Qu^ + + juf) < 2, Rela +a, +... + о) > 0, Re(a,) > 0, і = 1, ..., n. 


(6.5) Rf, Prete = UDI 3 / а+о +... +а,) №... 


O 
Jay ny 


(Xit. +x) U(X susct xy) 


ee 5 
les Tec Rt +(1+ мч... + x] les Tec жу + (1 ++... + 5^] | 


= nio + +... Fas hy ie e 
max (ul... lu D < 4, Rela + à, +... + о) > 0, Rea) > 0, i = 1, un 


(6.6). ROTO te rape ten 7а, p ves bata +... tQ. 


о|...а,„ 
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и (+... +>,) U(X) +... +х,} 
А 
[os ++ +ж(1+хр+... £x] [os +. +.) 7 +(1+хр+...-++х„)!” 


= Е "ањ. „hl +3/4(a +0 +... а, m, а) 
max (juh [и < 4, Rela + a, * + а) > 0. R(a) > 0, i = 1, .... в 


(6.7) ди ео ta gina + 3/4 a+ Oy +... +а,), ,.... dra + Oy +... Os 


U(X, +... + XS) (xX, + lo XQ) 
HL... зз TA ae 
[Gi Hee tx)? HH n. x^] (CES xS) (Exp uo 25 


max (luh du) < 4, Rela + à, +... + a,) > 0, Rea) > 0, і = 1, n 


(а. ее „жар Uy) , 
(6.8) Он 2 s (14+ 3/ 4a tay +... +а,), 6... 64; 
"yr Toc xy) AESI Tec Xy) 


3 s 5 2 
[os Фахр)? [os +a tx) +(+х+...+ so] 


H u, 
- (c tO +... +С... 4 A) 


Re(a + a, +... +a) > 0, Ra) > 0, iz 1, .... n 


—(172 
(6.9) EM Tali ce iar + Oy dius ка 


Ung 


[os Ted 3M 


uy +... + Xp) U(X +... X4) | 
7 
(xx crx) [os das d) +(1+хр+...+х„)^ | 
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= [a.c e 31A nn rae) 


Rela + à, +... + о) > 0, Кеа) > 0, і = 1, 


(6.10) | д ешш HM EC Cb, B1 43 / 4а + Oy +... + OX Ces Cu 


чю 


и (+... + Xp) (Lt XJ 
2 17779 
lon E + x,)!? +(1+хр+...+ x) [о +... + gs x +. pay] 


к) (п ‚Н u, 
= ЧЕ "(в-аз +... + cy pnt Pent 


Re(a + à +... + 0,) > 0, ful < 4r, (YR +... + n) + (т + tli) = 1, 
Re(at,) > 0, 


i= 1,..., n; where г, are associated radii of convergence of sereis í ЮЕ!) i 


GLR им ran +3 / 4a + oy + Lt ap); bp.. by esc 


u(x +... x) U,(X) +... XS) 
2 
(К Tes gre + (1+х, +... exo acm cR gua + OX x +... +x,)'?| 


| и u 
- ur ei $e ор... BiG city... а) 


vat. 

where Re(a + a, +... + ол) > 0, Re(a,) > 0, if |u| < 4r, then г, =... = ry мр = 
em or, ту + 7, = 1, where r, are the associated radii of convergence of seres DEB 1 i= 
l. ....H. 


А 
(6.12) RO UE. ann EDU UG ied BOE. B, 


" 


U(X t+... + хл) и, (х1 


т-а 2: 
lore. +)! +t ay + ae | [ou te tan)? +t ay to ta)? | 


Hneta) 
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- Be ee eil + 31 4а + Oy + ... +а,); 1.4) 


where Re(a + à, +... + о) > 0, Rea) > 0, lu] < 4r, ry =... = ru ru = = г, 
ов. Ве, 
(ED R US eres in RAG *3/4(a + Oy +... Ou) b Due Da C 


Cn 


(x +... XQ) U(X, +... X) 
и 
[en te tx, +++ noui [on ex) e essen)? 


_ (A) M u, 
Zl ана +...+ UB Dig feces Dye рор $ 


Ке(а + à, +... + олу > 0, Re(a,) > 0, = 1, ..., п; (uA +... + Ш)? + |н] +... 
+ ju < 4. 


-(/2 Á 
(6.14) Rf tenet en р 37 A(a + oq + sss Qu) Dese LCS Cp ses Cu 


u(x) +... Xy) ил(х +... X) 
qoe 2 
[с +H) +(1+ху +... xy] [os +. +x) a. (ex «ж | 


= (ри) ‚и u, 
= igarota + Ops Dis- Bp E Су» Gesch 


where Re(a + a, +... + 0) > 0, Re(aj) > 0, і = 1, ., п; max (uj +... + lu) + lug 
+... + Ш < 4. 


(а—(1/2+а+ау+ ag) f (c) pon) : 
(6.15) RE САННИ СИСТЕ Oy +... + ©; 
их + ... x,) IX + sob xS) 


PERET] 


ор 
les yox ee x tot x [Gi +a HX) E dp a)? 


« 4. 
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n І | и и 
=‘ (ОО Cos С 1+3/4(а+ор+... сы. 


valid if Re(a + à, +... + о) > 0, Re(a,) > 0, i = 1, ..., n; max (и | +... + |) 


(6.16) RU О +3/ ACA + Oy +... + a4) Б, Bi. DRS C Chae eens Cnt 


u(x, + ... + Xp) U(X +. + Xy) 


«vet 


3 
Va 1/2 1/2 
[ex Hat e (Lx +. + x) | [on + ox) TEX tx.) 


. и и 
= RBar a +... Os D В... bki C, Cp es Cu ЕЗ 
provided that Re(a + a, +... + а.) > 0, Re(a,) > 0, i = 1, ..., n. 


Я И жа+оарж+.. ag f (4), А i 
(6.17y Ra Uter s reo И + 3 / A(a + Oy +... a) Dess Gi 


ing t... Xy) uy t -e + Xy) 


Sous ; 

[Gi +H) A+. &x)^] [os £o xg + (Lexy tt ra 
(A) p(n) и u 

= А "Ща *QG +... + —€—— 


valid if Re(a + a, + ... + а) > 0, Кеа) > 0, i = 1, ..., п. 


(6.18) p e tenen о £3/4(a + +... + Op) Dass Dp Ch 


Ш +... + XS) ux + ... Xp) 
: pts 
Q их ах)? [es uox) +(1+х +...+х„)!? 


Кїн) . ‚Н и, 
= oi tae, +.. 0 брал hips ee D 
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provided that Re(a + a, +... + а) > 0, Re(a) > 0, i = l, .., n. 
CUN se Mid Lo a: MERETE CET +... + Oy bp ies 


vn 


(X + e + X) U(X +... х„) 
Pee ; 
E +. + +(1+х +... +x,)'?| les oor x) ae (lex Ls +] 


A ) .,H Ч 
= ‘eal a +4 +... +0, и 


where Ке(а + à, +... + à) > 0, Rea) > 0, і = 1, ..., п 


(а. 1/2+а++ ча) f(A) aa) i К 
(6.20) далан, row ODE bba + ор +... жа 


(xX +... + Xn) U(X) +...+х,) 
аа 
и uA u2 
los +..+х„) ^. (Ia xp uo xS) [eux e nex) | 


Е HA S^ by... 5, +3 / 4a c a +... zu) 


valid if Re(a + a, +... + а) > 0, Rea) > 0. i = 1, ..., n. 


(a-(/2+atupt жо) (А) (т) 5 
(6.21) Rar. Un ! 4 СИИИ СИНИ: са + ор +... +0 
u(x, +... + X) ux +... + Xy) 


pee ; 
[os +... +) el e d ue) los duh HAH +)! | 


= (hs те bcc + 3 /4(а+@ + БҮ 
provided that Re(a + a, +... + о) > 0, Rea) > 0, і = 1, n 


(6.22) RECUR Atay r UU 3 / A(a + ot +... Qu) sepas, 
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uy +...+х,) uy +... + х„) 


3v 2 
1/2 Va 1/2 2 
CESES +(+х+...+х„) | [on +...+х„) + (1+м+...+х,) | 


— aun : . u, 
= (0) a +O, +... Gu D C Ch e Gies ge 


valid if Re(a + a, +... + о) > 0, Re(a,) > 0, i = 1, ...,п. 


(a.-(/2a*a] . ton) f(A) к s i 
(623) До n a een +3/ 4a + a +... + Oy) bes LC Capen C 


п“ 


(xy +... + x) и,(х +... +х,) 
А 2 LER] 7 
les +...+х„)!? + (1+х, +.) ] [о +...) (x boe) 


_ (Ара (л) ПИ .H Ч, 
= (2) а +4 +... Ра, ВС. Срд әр 


where Re(a + a, +... + &,) > 0, Re(a,) > 0, i = 1, n. 


(6.24) Rp arenas reta +3/4(а+ Oy +... Ob b... Бс 


U(X, +... x) u(x +... + Х„) 
Pee 5 
[Gi E ИФ + “Уу | [с +. +, +45; 4... +)? 


A) б) ‚2А 
i аз о +... I) 


provided that Re(a + a, +... + о) > 0, Ке(а) >O, i= l, ..., п. 

Неге КО” FL”, pU). Ff" are multiple hypergeometric functions of Lauricella [15] and 
9”, uf" are their confluent forms. Wey, Ey are Exton's multiple hypergeometric 
functions [12, 13] related to Lauricella's F(?, while na is Chandel's multiple hypergeometric 


function [2] related to Lauricella's Е”. 
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(A) pl) (ein) (Ken) are intermediate Lauricella's functions introduced by Chandel and 

k k k k A) Ur 
Gupta [6] with their confluent forms (4862. фи, Cte ‚ Qe, oy. Further (060), 
4902. AO and (4360) are confluent forms of Karlsson's multiple hypergeometric function 


V? KU) [14] introduced and studied by Chandel and Vishwakarma [7, 8, 9]. 
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SOME PROPERTIES OF A SEMI-SYMMETRIC NON- 
METRIC CONNECTION IN A RIEMANNIAN MANIFOLD 


B. PRASAD AND SUBHASH CHANDRA SINGH 


ABSTRACT : Agashe and Chafle in 1992 introduced the idea of semi-symmetric non-metric connection 
on a Riemannian manifold and this was further developed by many geometers. Recently Prasad and 
Verma (2004) defined a semi-symmetric non-metric connection V on a Riemannian manifold which 
was generalization of the notion of semi-symmetric non-metric connection introduced by Agashe and 
Chafle. They obtained some properties of curvature tensor and projective curvature tensor with respect 
to semi-symmetric non-metric connection V. 


In this paper we obtain first and second Bianchi identities associated with semi-symmetric non- 
metric connection V. A necessary and sufficient condition has been deduced for the Ricci tensor V 
to be skew-symmetric under certain conditions. We also define conformal curvature tensor and 
concircular curvature tensor with respect to semi-symmetric non-metric connection and obtain the 
relations connecting it and conformal curvature tensor and concircular curvature tensor with respect to 
Levi-Civita connection. 


1. INTRODUCTION 


Let (M", g) be an n-dimensional Riemannian manifold of class C” endowed with a 
Riemannian metric g and let V be the Levi-Civita connection on (M^, g). 


A linear connection ў defined on (M^, g) is said to be semi-symmetric (Friedmann and 
Schouten, 1924) if its torsion tensor T is of the form. 


T (X, Y) = u(Y)X - u(X)Y + aQQY ~ a(Y)X (1.1) 
where и and a are l1-forms associated with vector fields U and А on M" by 

u(X) = g(X, U) (1.2) 
and 

a(X) = g(X, A) (1.3) 


for all vector fields X є (М2), ¥(M") is the set of all differentiable vector fields on 
M", 
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A semi-symmetric connection V is called a semi-symmetric non-metric connection 
(Prasad and Verma, 2004) if it satisfies 


(V x g)(¥. 2) = -u(Y)g(X, 2) — u(Z) g(X, Y) - 2a(X) g(Y, 2). (1.4) 


A relation between the semi-symmetric non-metric connection ў and the Levi-Civita 
connection V on (M", g) has been obtained by Prásad and Verma (2004) which is giving by 


V,Y = ҮҮ + u(Y)X + a(X)Y. (1.5) 


Further. if R and В denote the curvature tensor of Y and V respectively: then it is known 
(Prasad and Verma, 2004) that 


R(X, Y)Z = R(X. Y)Z + a(X, Z)Y - a(Y, Z)X + da(X, Y)Z (1.6) 
where a is a tensor field of the type (0. 2) defined on M" by 

a(X. Y) = (V,u)Y – u(X) (Y) = (V,wY + a(X)u(Y). (1.7) 
From (1.7), we have 

a(X. Y) — a(Y, X) = du(X, Y). (1.8) 
Further, from (1.6), we have 

Ric(Y, Z) = Ric(Y, Z) - (n - Па(», Z) – da(Y, 2) (1.9) 


where Ric(Y, Z) and Ric(Y, Z) denote the Ricci tensor of Y and V respectively. 


From (1.9), we obtain relation between the scalar curvature of (M", g) with respect to 
Riemannian connection V and the semi-symmetric non-metric connection V. which is given 
by 

T-r-(n- l)p (1.10) 


А : 
where р = trace a and г = 2 Ric (Е;, Ej) 15 the scalar curvature of М" with respect 
{= 


to Riemannian connection. 


2. PROPERTIES OF CURVATURE TENSOR OF M® WITH RESPECT TO 
SEMI-SYMMETRIC NON-METRIC CONNECTION 


Covariant differentiation of torsion tensor T is given by 

(V, TY, 2) VATY, 2) - Т(ӮЎ,Ү, 2) - TO, v2 

(V,u)Z)Y - (CV WY)Z + (FDZ - (V,a)Z)Y 

= a(X, Z)Y ~ a(X. Y)Z + B(X, Y)Z - B(X, ZY (2.1) 
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where В is a tensor of type (0, 2) given by 


B(X, Y) = (Ӯ, а) – a(X)a(Y) = (V,2)Y + а(х)цСҮ). Q2) 
From (2.2), we have 

Boc Y - ВСУ, X) = da(X, Y). (2.3) 
Thus a tensor B is symmetric if and only if 1-form a is closed. 

Further, we define T(X, У, 2) = g(T(X, Y), Z). (2.4) 
From (1.1) and (2.4), we have 

TX, У, 2 + ТС, Z, X) + TZ X, У) = 0 (2.5) 


From (1.8), (2.1) and (2.3). we have 

(Vx TXYJ2 + (V47DXZ. X) + (УТ, Y) 

= du(Y, X)Z + du(X, Z)Y + du(Z, Y)X + da(X, Y)Z + da(Y. Z)X + da(Z, X)Y. 

(2.6) 

From (1.1), we have 

T(T(X, Y)Z) + T(TCY, 2), X) + Т(Т(2, X), Y) 

= T(ucY)X - u(X)Y + a(X)Y ~ a(Y)X,Z) + TUY - u(Y)Z + a(Y)Z - a(Z)Y,X) 

+ T(u(X)Z — u(Z)X + a(Z)X - a(X)Z, У) = 0. (2.7) 
From (2.5). (2.6) and (2.7), we can state the theorem. 


Theorem 2.1. The torsion tensor T with respect to the semi-symmetric non-metric 
connection satisfies following algebraic properties 


( "To, Y, 7) + T(Y, Z, X) + TZ X, Y) = 0 
Gi) Т(Т(Х, Y) 2) + T(T(Y, 2), X) + TCT, X) У) = 0 
(ш) (V x PY, 2 + (V y TXZ. X) + (Vz DH Y) 

= du(Y, X)Z + du(X, Z)Y + du(Z, Y)X +da(X, Y)Z + da(Y, Z)X + da(Z. X)Y. 
Bianchi first identity for a linear connection on М? is given by (Sinha, 1982) 

ROG YZ + RY, DX + RZ WY 

= ТТХ, У), 2) + T(T (Y, 2), X) + TTZ, 20, Y) + (V x THY, 2 

+ (Ӯ у TXZ X) + (У ; TG, У). 
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Using (2.6) and (2.7) in above expression, we get 
R(X, YZ + ВС, 2)Х + R(Z ХУ 
= du(Y, X)Z + du(X, Z)Y + du(Z, Y)X + da(X, Y)Z + da(Y, Z)X + da(Z, X)Y. 
(2.8) 


We call (2.8) as the first Bianchi identity with respect to semi-symmetric non-metric 
connection V. 


Remark 1. This identity has been obtained by Prasad and Verma in their paper 2004 
by another way. 


Remark 2. In particular, if a = 0, then from (2.8), we get 
R(X, YYZ + ВС, DX + R(Z, ХУ 
= du(Y, X)Z + du(X, Z)Y + du(Z, УХ. (2.9) 


i.e. we get the same expression for the curvature tensor R of the manifold with respect 
to V as was obtained by Agashe and Chafle (1992) in their paper by another way. 


Let 'R(X, У, Z, W) = g(R(X, Y)Z, W) (2.10) 
and 'R(X, У, 2, W) = g(R(X, Y)Z, W). (2.11) 
In view of (1.6), (2.10) and (2.11), we get 

"R(X, У, Z, W) + 'R(Y, X, Z, W) = 0. (2.12) 
We have 


R(T(X, Y), 2) + КҮ, 2), X) + R(TG X), Y) 

= -2u(Z)R(X, Y) - 2u(X)R(Y, 2) - 2uY)R(Z, X) + 2a(Z)R(X, Y) 

+ 2a(X)R(Y, 7) + 2a(Y)RZ, X). (2.13) 
Bianchi second identity for a linear connection on M" is given by (Sinha, 1982) 

(VxRX(Y, 2) + (ўүЮ)(2, Х + (у), Y) 

= -R(T(X, Y). 2) - R(T, 2)X) - RTZ, X, Y). 
Using (2.13) in above expression we get 

(V x КС, 2) + (Ӯ y RYZ X) + (У z RIE Y) 

= 2u(Z)R(X, Y) + 2uX)R(Y, Z) + 2u(Y)R(Z, X) - 2a(Z)R(X, Y) 

- 2a(X)R(Y, 2) - 2a(Y)R(Z, X). (2.14) 
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We call (2.14) as a second Bianchi identity with respect to semi-symmetric non-metric 
connection V. 


Remark. In particular, if a = 0, then from (2.14) we get same expression as was obtained 
by Agashe and Chafle in their paper 1992 by another way. 


If Ricci tensor with respect to semi-symmetric non-metric connection vanishes, then from 
(1.9), we get 


a(Y. 2) = 1 18іс(Ү, Z) - da(Y, Z)]. (2.15) 


From (2.15), we have 





a(Z, Y) = zH Ric, Y) - da(Z, У) Q.16) 
From (1.8). (2.15) and (2.16), we get 
du(Y, Z) = - ——da(Y, Z) Q.17) 


From (2.6) and (2.17), we get 
(V у TXY, 2) + (V ү TXZ Х) + (V z DX. Y) 


| (nth 
~ (1-0 


Hence we can state the following theorem. 





[da(X, Y)Z + da(Y, Z)X + da(Z, X)Y]. (2.18) 


Theorem 2.2. If Ricci tensor with respect to semi-symmetric non-metric connection 
vanishes, then 


(V x TY, 2) + (V у DZ X) + (V 2 THK Y) 





= Atlida(X. Y)Z + da(Y, ZX + da(Z, ХУ]. 


~ n-] 


Remark. In particular, if a = 0, then from (2.18) we get the same expression as was 
obtained by Agashe and Chafle (1992) in their paper. 


From (1.6). (2.1) and (2.15), we can state the following theorem. 


Theorem 2.3. Let M" be a Riemannian manifold with semi-symmetric non-metric 
connection. If Ricci tensor with respect to semi-symmetric non-metric connection vanishes, then 


R(X, Y)Z = R(X, Ү)2 + (V „ THK, У) + B, УХ 


- BZ XY - —ldatY, Z)X + da(Z, X)Y] - da(X, Y)Z. (2.19) 
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Remark. In particular, if a = 2, then from (2.19), we get 


R(X, YZ = R(X, Ү)2 + (V = TXX, Y) which is same as was obtained by Agashe 
and Chafle (1992). 


Let R(X, Y)Z = 0. (2.20) 
which gives | 
Ric(Y, 2 0 on М". | . (2.21) 


From (2.19) and (2.20), we have 
R(X. Ү)2 = (V > TK. Y) + BZ УХ - pi. ХУ 


2 
n-l 





[da(Y. 2)Х + da(z, X)Y] - da(X, Y)2Z. (2.22) 


Thus. we have 


Theorem 2.4. If M" is a Riemannian manifold with vanishing curvature tensor with 
respect to semi-symmetric non-metric connection, then М" is flat if and only if 


(V z DX. Y) = BG. ХУ - B, Y)X 


2 
n-i 





+ [da(Y, Z)X + da(Z, X)Y] + da(X, Y)Z. (2.23) 


Remark. In particular, if a = 0, then from (2.23), we get (V „ T) (X, Y) = 0 which 
is same as was obtained by Agashe and Chafle (1992) in their paper. 


A Riemannian manifold M" is a group manifold with respect to semi-symmetric non- 
metric connection if | 


R(X, YZ = 0 
and (V z TX, Y) =0 on М". (2.24) 
From (2.19) and (2.24) we can state following theorem. 


Theorem 2.5. If a Riemannian manifold М" is a group manifold with respect to semi- 
symmetric non-metric connection, then 





‚ КОХ, YZ = B(Z. УХ — BG, ХУ - 4 ТЇЧаСҮ, Z)X + da(Z, X)Y] - da(X, Y)Z. 
(2.25) 


Remark. In particular, if a = 0, then from (2.25), we get R(X, Y)Z = 0, then M" is 
flat and consequently М" is projectively flat and conformally flat which is the result as was 
obtained by Agashe and Chafle (1992) in their paper. 
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A Riemannian manifold M" is called an Einstein manifold with respect to Riemannian 
connection if 


Ric(X. У) = Tg, Y). (2.26) 


Analogous to this definition, we define that a Riemannian manifold M" with respect to 
semi-symmetric non-metric connection is called an Einstein manifold if 


Ric(X, Y) = Fg(x, Y) (2.27) 
From (1.9) and (1.10) we have 


Ric(X, Y) - 1805, Y) = Ric(X, Y) - ТЕХ, Y) 


zm zd Y) edax, YS 00 —D х, Y). (2.28) 
If (n — Da(X, У) + da(X, Y) = POD ocx, Y) (2.29) 


Then from (2.28), we get 


Ric(X, Y) - Tacx, У) = Ric(X, Y) - Eg, У) (2.30) 


From (2.30), we can state the following theorem. 


Theorem 2.6. If a Riemannian manifold M" admits a semi-symmetric non-metric 
connection and if the relation (2.29) holds, then the manifold is an Einstein manifold for the 
Riemannian connection if and only if it is an Einstein manifold for the connection V. 


3. KILLING VECTOR FIELD 
In this section we shall consider 
(Vyu)X + (Vyu)Y = 0. (3.1) 
Then U is called a killing vector field. 
Taking covariant differentiation of (1.2) along Y, we get 
g(X, VyU) = (Vyu)X. (3.2) 
From (3.2), we have 


g(Y. V4U) = (Vyu)Y | (3.3) 
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From (3.1), (3.2) and (3.3), we have 

g(X, VyU) + g(Y, УхО) = 0. (3.4) 
Thus the killing vector field U satisfies (3.4). 
From (1.7) and (1.9), we get 

Ric(X, Y) = Ric(X, Y) - (n - D((Vyu)Y - u(X)u(Y)] - da(X. Y). (3.5) 
In view of (3.5), we have 

Ric(Y, X) = Ric(Y, X) - (n-D((Vyu)X — u(Y)u(X)] - da(Y, X). (3.6) 
From (3.1), (3.5) and (3.6), we get 

Ric(X, Y) + Ric(Y, X) = 2Ric(X, Y) + 2(n — Lu(X) u(Y). (3.7) 
If Ric(X, Y) is skew-symmetric the left hand side of (3.7) vanishes, and we get 

Ric(X. Y) = (1 - nu(X)u(Y). % (3.8) 
On the other hand if Ric(X, Y) is given by (3.8), then from (3.7), we get 

Ric(X, Y) + Ric(Y, X) = 0. 
Hence we can state the following theorem. 


Theorem 3.1. If a Riemannian manifold admits a semi-symmetric non-metric connection 
V with U as a killing vector field, then a necessary and sufficient condition for the Ricci tensor 
of V to be skew-symmetric is that the Ricci tensor of Levi-Civita connection V is given by 
(3.8). 


Also, if Ric(X. Y) = 0, then from (3.8), we get 
u(X)u(Y) 0 fornz2 

which gives on contraction 
u(U) = 0, 

which is not possible. 

Hence we can state the following theorem. 


Theorem 3.2. If a Riemannian manifold of dimension n(n 2 2) admits a semi-symmetric 
non-metric connection ү whose Ricci tensor is skew-symmetric and if U is a killing vector 
field then the manifold can not be Ricci-flat. 


Again, for n = 1, from (3.7) we sce that if Ric(X, Y) is skew-symmetric, then Ric(X, 
Y) = 0 and conversely. 
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Hence we can state the following theorem. 


Theorem 3.3. If a Riemannian manifold of dimension | admits a semi-symmetric non- 
metric connection V and if U is a killing vector field, then a necessary and sufficient condition 
for the Ricci tensor of V to be skew-symmetric is that the manifold is Ricci-flat. 


4. CONFORMAL CURVATURE TENSOR OF A RIEMANNIAN MANIFOLD WITH 
RESPECT TO SEMI-SYMMETRIC NON-METRIC CONNECTION 


Conformal curvature tensor of a Riemannian manifold with respect to Riemannian 
connection is given by 


'C(X, Y. Z, W) = В(Х, Y, Z, W) - h Ric(Y, Z)g(X, W) 
- Ric(X, 2) g(Y, W) + Ric(X, W)g(Y, 7) - Ric(Y, W)g(X, Z)] 


+ QD ap le Y 80 W) - gOGZyg (Y. W)]. (4.1) 


Analogous to this definition, we define conformal curvature tensor of M" with respect 
to semi-symmetric non-metric connection given by 


СОХ, Y, Z, W) = "RH У, 2, W) - ЕС, 20505, W) 
= Ric(X, Z)g(Y, W) + Ric(X, W)g(Y, Z) m Ric(Y, W)g(X, Z)) 


+ apa DIY, Zack, W) - gX, DgY, W) (4.2) 
where 

'C(X, Y, Z, W) = g(C(X, Y)Z, W) (4.3) 
and 'C(X, У, Z, W) = g(C(X. УР, W). (4.4) 


Inconsequence of (1.6), (1.9). (1.10), (2.10). (4.1) and (4.2), we find 
"C(X, У, Z, W) = 'C(X, Y, Z, W) + da(X, Y)g(Z, W) 





+ xL [da(Y, 2)80Х, W) - da(X, 2)8(Ү, W) 
+ da(X. W)g(Y, Z) - da(Y, W)g(X, Z)] 


+ n E 2 Lacy, Z)g(X, W) m a(X, 2)Е(Ү, W)] 
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Da Чак, Wyg(X. 2) - a(X, МЕС, 20] 
- BY, 2)8(Х, W) - ВХ, 2)8(Ү, W). (4.5) 
If 'C(X, Y, Z, W) = 'C(X, Y, Z, W), then from (4.5) we have 


+ da(X. Y)g(Z, W) + —L5{daCY, Z)g(X, W) – da(X, 2)8(Ү, W) 





+ da(X, W)g(Y, Z) - da(Y, W)g(X, Z) + — zloty. 2)8(Х, W) 


n- 





- o(X, DEY, W)] - Bahay, WX, 7) - aX, WY, 2)] 


- BY, Zig(X, № - sX, Dey, Wy = 0. (4.6) 


Contracting for Z and W, we get from (4.6) 
du(X, Y) + nda(X, Y) = 0. (4.7) 
Hence we can state the following theorem. 


Theorem 4.1. A necessary condition for the conformal curvature tensor C of the manifold 
M" with respect to Levi-Civita connection and conformal curvature tensor C of the manifold 
М" with respect to semi-symmetric non-metric connection to be equal is that 


du(X, Y) + nda(X, Y) = 0. 


Let R(X, Y)Z = 0 (4.8) 
which gives 

Ric(Y, 2) = 0 | (4.9) 
and T = 0. (4.10) 


Inconsequence of (2.15), (4.2), (4.5), (4.8), (4.9) and (4.10), we have 


CX, Y, Z, W) = -йа(Х. Y)g(Z. W) - L7 184(Ү, 2)80Х, W) 


— da(X, Z)g(Y, W) + da(X, W)g(Y, Z) — da(Y, W)g(X, Z)] 





- TNT С, Z) gX, W) - Ric(X, Zyg(Y, W) 


- da(Y, Z)g(X, W) + da(X. Z)g(Y, W)] 
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| 
n-2 


— da(Y, W)g(X. 2) + da(X, W)g(Y, Z)] 





* [Ric(Y, W)g(X. Z) — Ric(X, W)g(Y, Z) 
+ Е ЕС, Zig(X, W) - В(Х. БЕС, W)). (411) 


Also, if 'C(X, Y, Z, W) = 0, then from (4.11), we get 
1 


n-2 





— da(X. Y)g(Z, W) - [da(Y. Z)gCX, W) — da(X, Z)g(Y, W) 


+ da(X, W)g(Y, 2) — da(Y, W)g(X, 70] - УС, Dek, W) 


- Ric(X, Zg(Y. W) - da(Y, Z)g(X, W) + da(X, Z)g(Y, W)] 


+ ВСУ, W)g(X, Z) - Ric(X, ВСУ, 2) 


- da(Y, W)g(X, Z) + da(X, W)e(Y, 2)) + Ps tex, 2)8(Х, W) 


- gX, Z)g(Y, W) = 0. 
Contracting above for Z and W, we get 
da(X, Y) = 0. for n 2 3 
Hence we have the following theorem. 


Theorem 4.2. If a Riemannian manifold М" (n > 3) with vanishing curvature tensor 
with respect to semi-symmetric non-metric connection is conformally flat, then 1-form a is 
closed. 


From (4.5). we have 


Theorem 4.3. The conformal curvature tensor C of the Riemannian manifold with respect 
to semi-symmetric non-metric connection satisfies following algebraic properties 


СОХ, У, Z, W) + "СС, X, Z, W)-0 (4.12) 
and 


СОХ, Y, Z, W) + 'C(Y, Z, X, W) + 'C(Z, X, Y, W) 


= —L [da(X, Y)g(Z. W)  da(Y, Zg(X, W) + da(Z, X)g(Y, W)] 


n-2 





T 1 5 [du(X, Y)g(Z, W) + du(Y, DeX, W) + du(Z, X)g(Y, W). (4.13) 
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5. CONCIRCULAR CURVATURE TENSOR OF A RIEMANNIAN MANIFOLD 
WITH RESPECT TO SEMI-SYMMETRIC NON-METRIC CONNECTION 


Concricular curvature tensor of a Riemannian manifold with respect to Riemannian 
connection is given by 


L(X, Y)Z = R(X, YYZ - xx —plg(Y. DX - g(X, 2Y]. (5.1) 


Analogous to this definition. we define concircular curvature tensor of a Riemannian 
manifold M" with respect to semi-symmetric non-metric connection given by 


TX, YZ = RX, YZ - xz TEC, DX - got. DY}. (5.2) 


From (1.6), (1.10), (5.1) and (5.2), we һауе 
LO, Y)Z = ЦХ, YZ + a(X, DY — a(Y, Z)X + da(X, Y)Z 





+ Play, DX - в(Х, DY. | 063 


If ГС Y)Z = L(X, Y)Z, then from (5.3), we get 
a(X, Z)Y – (Y, 2)Х + da(X, Y)Z 


+ Liev, DX - gX, DY] = 0 


Contracting above with respect to Z, we get 
du(X, Y) + nda(X, Y) = 0. (5.4) 
Hence we can state the following theorem. 


Theorem 5.1. A necessary condition for the concircular curvature tensor L of the manifold 


M" with respect to the Levi-Civita connection and the concircular curvature tensor T, of the 
manifold M" with respect to semi-symmetric non-metric connection to be equal is that 


du(X, Y) + nda(X, Y) = 0. 
In consequences of (2.15), (4.8), (4.9), (4.10), (5.2) and (5.3), we have 


LX, YZ = Tp, DX - Ric(X, Z)Y] 


| 
п-} 





[da(Y, DX — da(X, Z)Y] – da(X, Y)Z 
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- Pig, ZX - 8X, 2Y]. | ^55) 


Also, if L(X, Y)Z - 0, then from (5.5), we get 


| 
n-1 


] 
п- 1 








[Ric(Y, Z)X – Ric(X,Z)Y] - [da(Y, Z)X - da(X, Z)Y] 


- da(X, YZ - P[g(Y.X - g(X, Z Y] = 0. 


Contracting above with respect to Z, we get 
da(X, У) = 0 forn2 3 
Hence we have the following theorem. 


Theorem 5.2. If a Riemannian manifold M? (n > 3) with vanishing curvature tensor 
with respect to semi-symmetric non-metric connection is concircularly flat, then 1-form a closed. 


From (5.3), we have the following statement. 


Theorem 5.3. The concircular curvature tensor of a Riemannian manifold with respect 
to semi-symmetric non-metric connection satisfies following algebraic properties 


LO, YZ + L(Y, XZ = 0 (5.6) 
and 

L(X, Y)Z + L(Y, ZX + LG, ХХ 

= du(Z, Y)X + du(X, Z)Y + du(Y, X)Z | 

+ da(Y, 7)Х + da(Z, Х)Ү + da(X, Y)Z. (5.7) 
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REPRESENTATION OF P-ADIC INTEGERS AS SE- 
QUENCE SPACE O, AND ITS ALGEBRIC STRUCTURE 
AS PID 


М. В. Das AND Raju BORDOLOI 


ABSTRACT : In this paper we have represented the p-adic integers as a sequence space Q, and 
subsequently we have given PID structure to О. For this purpose, we have introduced the concept 
of ‘Carry-out sequences’ and we have developed some interesting properties of them. 


1. INTRODUCTION 


Kurt Hensel (1861-1941) discovered the p-adic numbers around the end of nineteenth 
century, where p stands for a fixed prime. In fact, the p-adic numbers penetrated several 
mathematical fields like number theory, algebraic geometry, algebraic topology, analysis etc. 
In this paper we have represented the p-adic integers as a sequence space Q, and subsequently 
we have introduced the algebraic structure to 9. Although our work is analogous with Z,, 
one will find the beauty of the carry-out sequences and their involvement during the introduction 
of PID structure to О. It will be worthwhile to mention here that one can't take care of the 
carry-out sequences in Z, whereas the process of carried over is always done during addition, 
subtraction, multiplication etc. in Zy 


In section I, we have developed some interesting properties of the carry-out sequences 
and some of these properties have been utilized to give the algebraic structure to О. Those 
results [3.4 — 3.6] of the carry-out sequences developed in section I, which are not utilized 
in the said purpose, do have their own beauty and we are looking forward to utilize them in 
near future. In section II, we have given the PID structure to Оо In this section [ргор. 4.3] 
we have shown how one can use the properties of the carry-out sequences in order to determine 
the existence of the inverse of an p-adic integer in Qy 


2. PRELIMINARIES 
Definition 2.1. We define a mapping ф : 2, > ©} by. 


ф(х) = (xj) Vx = Exp Z, 
i20 


na = {x= о: 05 sp-Liz0o12.] 
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.,. Definition 2.2. For any x = ix] € О, we denote the weights of x by w(x) and we 
define it by, = 


W(x) = m if and only if x, = 0 Vi < m and x, + 0 


Definition 2.3. For any positive integer k, we define a shifting operator T* : О, > О, 
by, 


A tunes 


rx) = 10,0... 0. eU es 
x) = 40, 0,..., 0, ху, хү,ху,...к Ух = fx} E Ny. 


Definition 2.4. We define an operator y : О, > 9, such that for any x Е О, with 
@(x) = т 


w(x) = x' {x}, where x = 0 У! < m; x, +x, =p xX,+x,=p-1Vi>m 
Definition 2.5. For any x, y € o, we define their addition by 
x + y = 2, where X; + Yu +a ;,-ap-c2z, Уі = 1, 2.. with ag = 0. 


The sequence a = {а;} is said to be the carry-out sequence for the addition of x, y 
Е О, and we denote it [x+y]. 


Definition 2.6. For any x, y € Q, we define their multiplication by, 


xy = w, where X QUEE +b = bp + wy Vi = 1, 2, 5 with by = 0. 


Ik=- 


The sequence b = {b,} is said io be the carry-out sequence for the multiplication of 
X% y€ Q, and we denote it by [xy] 


Remark. Following properties zre immediate consequence of the definition of carry-out 
sequences: 


(a) e([x + ур 2 1, @([ху]) 2 1. 
(b) [x+0] = 0 and [x0] = 0. 


(с) For any х, у, 2, м є О, If Xj +у = 2 + №; Vi = 0, 1, 2... then х+у=2+ 
w and 


[x + y] = [z + w] 


(9) For any x, у, 2, w € Qy if X Yk = ZW, Vj,k = 0, 1, 2, ..., then xy = zw and [xy] 
= [zw] 


(e) For any x, y € Qy [x+y] = [y+x] and [xy] = [yx]. 
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3. SECTION I 


In this section we have evaluated some basic properties of the carry-out sequences as 
detined in 2.5 and 2.6. Subsequently some of these properties will be utilized in order to 
introduce the algebraic structure to Q, as PID. 


Proposition 3.1. For any x. y € 9, the carry-out sequence [x+y] є Q. 


Proof. Let [x + y] = a = (a). From definition it follows that ay = 0. If possible let 
a, > 2. But O < xy + yo S$ 2p- las x. y € Qy If x + y = z, then we have 


Хо + Yo = ар + 2 > 2p + Zo 2 2р, a contradiction as 0 < xp, уу < p 
“a, =O0orl. | 
Let aj 200r] Vi<m, 
In case a, = 0, by the previous argument ap = 0 or 1. 
Let a4 , = 1. But, 
Xml Ë Ym- + l= BP +7, 
If ap > 2 then we have, 
key + Ул о 2p 2р Т, 
This contradicts the fact that, x, + Ym + 1 < 2р - 1. 
Aog = 0 or 1. 
By induction on i the result follows, 
Proposition 3.2. For any x, y € О, @([ху]) > a(x) + o(y). 
Proof. Let w(x) = m and o(y) = п. 


If xy = w and [xy] = a, then from the definition we have, 


QM +а = ayp +w; Vi = 0, 1, 2.. й) 


Clearly X x,y, = 0, for any s < m + n and hence 
jthes 


a, = ар + №, Vs<metn (2) 
As а, = 0, from (2) it follows that a, = 0 
Again a, = 0 gives a, = 0 
Continuing this process we can see that, 


а -0 Vi<metn 
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Taking s = m +n ~ 1 in (2) we get, 
О = аъ + Мн 
Hence аты = 0 and consequently о([ху]) > w(x) + @(у). 
Proposition 3.3. For any x, y € О, if ох) = m, then w([x + w(x)] = m + 1 and 


| m+! times 


[x + w(x] | 0,.... 0, 1.1, i... 


Proof. If w(x) = x', then by the definition 2.4 we have, 
X = 0 Vi < M; Xn + Xm =pandx,+x;=p-1l > т. 
Let x + x' = z. Then we have, . 
X +X, +a =a,p+2z, Vi=0, 1, 2... with ay = 0 (1) 
where [x + w(x)] = a. 
From (1) it follows that, a; = 0 Vi S m, ох 2 x! = 0 Vi<m 
Taking i = m in (1) we get, 
р = амр + Zm which implies a; = I. 
Hence w([x + w(x)])) = т + 1. 
Again taking i 2 m + 1 in (1) 
р-1+ 1 = а нор + Zw which implies a... = 1. 
Continuing this process it can be seen that a; = 1 Vi » т 
This completes the proof. 


Proposition 3.4. For any x, y € Qy if @(x) = ey) = m, [x + y] = a, [w(x) + yy) 
= b and х + y,, = p, then 


(1) œ (a) = @(b) = м + 1 and Ф([а + b) = m +2 


(m+2) times 


——_ 
(ii) a + b = О and fa + b] = 40, 0, 0,..., 0, 1, 1. 1,:.. 


provided a(x + у) = m + 1. 
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Proof. If w(x) = x' and wy) = у’, then 
X*yzzoX,ty;t&à-ap-cz, Мі = 1, 2, ..; with a = 0 (1) 
X +y =w X t yia t ba = bp twa Vic 1, 2..; with by = 0 (2) 
Oy t XD + Oy t Yp + Gu + bp = (8, + b)pHz ,* wep, Vi = 1, 2..Q) 
Since X, + хр t Ya + y, = 0 Vi < m, we obtain 
а= 0= У <тап2 = 0 = м, і < т. 
Taking i = m + 1 in (1), 
р= ар + 2 [X + yg = Р) 
which implies a,,, = 1 and z, = 0. 
This shows that m(a) = m + 1. 
Clearly х' + Y'm = p follows from x, + X = Ym + Y'm = Xm + Ym = Р: 
Hence by the same argument we obtain w(b) =m + land ba = 1. 
Now taking i = m + 2 in (3) we get. 
2р = (ао + бор + uu + Ма) (4) 
> Za + Wm = (2 — Ange — Бр 
> Za. + Мані = 0, p or 2p [va b, {0,1}] 
=> 2+ + Wma = 0 Or p^ Zase wq < pl 
> Zm t Wm = Рр be ox + y) =m + Ц. 
Thus from (4) we obtain 
а +2 + было = 1. 
Again taking i = m+3 in (3) we obtain 
2р ~ 1 = (aya + БиР + Zane + Моо) (5) 
= Za + Waa + 1 = (2 - anys + Би.) 
= Zm2 + Улы + 1 = 0, рог 2p 
> Ао + Wma tiap [er O< 1 S21. + Way + 1 € 2p- 1 < 2р] 
Hence from (5) we get, 
ааз + Digg = L 
Continuing in this way we have, 


а +6 = 1 Vi2 m + 2. 
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Thus from the above discussion we can conclude that 
à *b-0Vism 
алы + Dg = 2 
апаа + 6 = 1 Viem+2 
Let fa + b] = а апаа + Б = г. 
“a +6, +d = 4..2 +r Vi = 12, (6) 
Since a; + b; = 0 Vi < m, therefore from (6) we get, 
,=0 Vism+l andr 2 0 Vi x m 
Taking i = m + 2 in (6) ме get, ` 
22d 


7 G42 = 1 and ган = 0. 


mn 2 + Гин ГУ Amar + Олы = 2, da, = 0] 
Again taking i = m + 3 in (6) we get, 
2 = 9.3.2 + Tg 
which implies д; = 1 and rj, = 0 
Continuing in this way we get, 
г=0 Vi=0, 1, 2.. - 
d=OVism+tiandd=! Vi>m+ 1 
`. e((a + b]) = m+ 2; a + b = 0 and 
(m+2) times 


—— 
[a+ bj 00... LLL... 


Note 1. The condition o(x + y) = т + 1 in this result can not be weakened. The following 
example shows that the result fails if o(x + у) = т + 1 


Let us take x, у є О, given by, 
x = {2, 1, 3, 4, 3, 2, 0, ...} 
у = {3, 3, 1, 1, 0, 3, 2, ...] 
. x+y = {0, 0, 0, 1, 4, 0, 3..) 
w(x) + wly) = (0, 0, 0, 4, 0, 4, 1,...} 
a + 0 = {0, 0, 1, 1, 0, 0, 0, 0,...} #0 
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We note that in this case @(x + y) = 1. 
Note 2. From the above result we obtain 

a + b = 0 which implies w(a) = b and hence 

wx + yD = Ivo) + yy). 
Thus w behaves like a group homomorphism under the conditions referred to. 
Proposition 3.5. For any x, y € 9, if о(х) = 0(у) = т, Xm + Ym р, 
[x + y] = a and [w(x) + w(y)] = b, then 

(i) [a + b] = 0 

(m+) times 


(ii) o(a + b) = m+ 1 and a +b = 4 0,0,.. 0. LLI... 


Proof. If w(x) = x' and (у) = y', then 
Kp tx р+у, ty ta 1 +6; = (atb)pt(z j*wi;)) М = 1,2. (D 
where x + y = 2 and x’ + y'= м. 
Since x, = х = у; = y, 20 Vi < m, from (1) we have, 
а= 0 = 6, Vix mandz = О = м Vi«m 
Taking i = m + 1 in (1) we obtain, 
Zm + "472-844; — Ры) Р (2) 
=> zat Wa = 0, р or 2p 
=> zat Wa = 0 orp [Zm + w, < 20]. 
If Zn + Wm = O, then ami *b,,,22 ie ay, = 1 = Быр 
But then, хи + Ym = Lp + 0, a contradiction. 
"Za Wy = Р 
Thus from (2) we have, 
Anat + Олы = 1 
Again taking i = m+2 in (1) we obtain, 
2p- 24 1 = (ay, + bap + mar + Wm) (3) 
=> Zm + Wma t 1 = (2 - any, - 0200 


= Zm+ + Wmi +l= P (4) 
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Combining (3) and (4) we obzain, 
аты + Daye = L 
Continuing in this way we ob:ain, 
a *bzl Vi»m. 
If [a + b] = а anda+ber. 
a +b +d = 4.1.2 +г Vi = 0, 1. 2, 3... (5) 
As a, + b, = 0 ‘Vi < m, from (5) we obtain, 
d 0 Vism+tandr,=0 Vism. 
Taking і = m + 1 (5), 
bed 


2+ Tan 


mi2 
. da = О and frw = 1. 
Continuing in this way we obtain, 
d -0 Vi>m+tand-,=1 Vi»m. 
Hence, [a + b] = 0, w(a + b) = m + 1 and 
(m+) umes 


-—_ 
a+b=400,...011...$ 


Proposition 3.6. For any x, y € Оо, with @(x) = oy), if [x + y] = a, [w(x) + w(y)]-b, 
then 


(0 [a+b] = 0 
(ii) œ(a + b) = max (o(x), (у) + 1 = k + 1, (say) and 
(k+l) times 
—^— 
а+ bz , 0,0.....0,141....р. 
| 


Proof. Let (x) = m and o(y) = n and without loss of generality we assume that m 
> n so that, 


k = max{o(x), o(y)) = m 
If w(x) = x' and y(y) = у’. then 


X. 


ХУ tata + b = (a cb)pe(z ,* wi) У = 1, 2, 3,...(1) 
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where x + y = 2 and w(x) + y(y)] = w. 
Clearly, a, + bi =O Visn [e n< m. 
Taking i =n + 1 in (1) 
p= (a, t Ъ 12р TOO Wa 
>z,+w, = (1 au -b5J)p. 
= Z +w =0 огр[ 2, + W, < 2р]. 
If z, + Wa = 0, then from x + y = 2 we obtain, x, + y, = aP 
n Ya =O be x, = 0]. 
But this is a contradiction, as y, # 0. 
+ = Р. 
Then from (2) we obtain. 
au + 5, = 0 
We now show that, 
atb=O Vizen+2,n+ 3, ..., m. 
Taking i = n + 2 in (1), 
р- 1 = (аә + bp + (Z4 + М) 
> GS + Wer + D = (1 - а - Вор 


=> Zui + Wor tl =p be O< 2) + Ма + 1 < 2р] 


i 


^а + b = 0. 

Continuing in this way upto i = т — | we obtain, 
à *b = 0 Vism. 

Lastly we now show that, 
atb=l Vi2m lt. 

Taking i = m + 1 in (1), 
р + (р- 1) = (ami + Dae DP + nm + Wm 
> Z,+Wy,tl=p 


~ an t Po F L 
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(2) 
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Continuing in this way we obtain, 
a *bzl Viemel. 

This shows that o(a + b) = т + 1. 

If a+b = гапа [a + b] = d, then 
a +b +d = 0.32 +г \=0, 1, 2.. (3) 
~d =0 Vism+tandr=0 Vism [a +b, 20 Vis ml 


i+} 


Taking i = m + 1 in (3) we get, 
1 = 42:2 + Tm which implies 
Чан = 0 and r,,, = E 
Continuing in this way we obtain, 
d =0 Vi»m-elandr-l 2 т +1. 
This completes the proof. 
Proposition. 3.7. For any х, у, 2 € Qy 
[x + y] + lx + y) + 2] = [y + z} + [x + (y + 2)] 


Proof. If [x + y] 2 a, Кх + y) + 2] = b, [y + zl = c and [x + (y + z)] = d, then we 
have, 


х+у=ус»хр+у,+ар=ар+ м Vi = 1, 2, 3,.. with а, = 0 (1) 
(xty)+z=w > Watz tb =6р+м Viz1,2,3... with bp = 0 (2) 
X*tz2Qq-yjj*tZ,tcG6-cp*q, Vi = 1, 2,3... with со = 0 (3) 
х+ (у+2)=4 > Xa tga +d = dp + qiy Vi = 1,2,3,...with 4 = 0 (4) 
Combining (1), (2) and (3), (4) we obtain, 
Xt + У, + 21 + @ + b) = (а, + bpp + wi, Viz 1, 2, 3, ... (5) 
Xa + Yig + Zi + Ca + dup = (c; + dp + ау Vi = 1, 2, 3.. (6) 
Taking i = 1 in (5) and (6), 
Wo = (c, + d) - (aj + b)]p + qq which implies a, + b, = c, + d} 
Let us assume that, 
a tb zc +d м< т. 
Taking i = m in (5) and (6), 


з 


\ тр = Сп + da) — (ay + b,))p + Чит which implies a, + b, = Cm + dw 
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Hence by induction, 
a *b-cod Viz12 3. 
"atbzced. 
Proposition 3.8. For any х, у, 2 Е О, if [xy] = a, [(xy)z] = b, [yz] = с and [x(yz)]=d, 
then 


У (x, с; -zZz 18s) = b, | -d, Vi = 1, 2, Эш». 


г+ч=—[ 


Proof. If xy = w, (xy)z = w', yz = q and x(yz) = q', then it follows from the definition, 


PT +а ш = ap + Wi, Vi = 1, 2, 3,... with ay = 0 (1) 
am Nr +b) = bp +w Vi = 1, 2, 3,... with by = 0 (2) 
NS ‚Ух +C- = ср +q Vi = 1, 2, 3,.... with cy = 0 (3) 

х4, + dii = dp + qi, Vi = 1, 2, 3, ..... with dy = 0 (4) 


r+s=t~I 


Combining (1), (2) and (3), (4) we obtain, 


a =| У xXynt РЕ p wisi (5) 
г+у=!— 


у+А+л=!—1 


1,2, 365 (6) 


M 


qi-1 = v Xi KZ; AE + di. jene p) Vi 
J+h+s=i-l 


r+s=i- 


Clearly Lx 8125) = b į — dy; when i = 1, for a) = by = cg = dj = 0 
r+s=1—] 


and hence м, = q'j (mod р). Thus му = 4% [-- 05 w'ogo < pl 


For 1 = 2 we have, 


2 (с,х, — 8,4) = СХ — 920 


reszl 


Ц 


1 
тр ioo + Со = 90) — zo(XoYo + 89 — Wo)] 


1 
р мою — doXol 


Il 
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| т ' 
= рр + Wo - 0) — (dp +40 - do) 
=b,-d, [2 Wo = qol 
Assuming the result for i — 1 we have, 


L(eX.—- au) = 1 L(ex,-az)* Bzw X a. 


r+S=1 Р г+»=!-! г+5=1-1 г+8221—1 
E [6 = dy) + (bp* wii = 61) - (Фр + а - 4-1) 


Thus the result follows from induction. 
з Proposition 3.9. For any x, y, z € 9, if [y + z] = а, [x(y + z)] = b, [xy] = с, [xz] 


= d апа [xy + xz] = e, then 


Np Se. +da +e- buy Vi= 1, 2, 3,.. 


Proof. If we take x + y = w, x(y + z) = №, xy = q, xz = q' and xy + zx = r then 
we have, 


Yat a tA =ар+м Viz l2, 3. with aj = 0 () 
ae +b =bp+w_, Wiel, 2, 3,.. wih by = 0 (2) 
EL tC- = ср +g Vi = 1, 2, 3,...with cy = 0 (3) 
"T +d =dp+q,, Мі = 12,3... with dj = 0 (4) 
and 9,1 +91 +e =¢P +r; Vi = 1, 2, 3,...with eg = 0 (5) 


AS ад = b, = с, = d, = e, = 0, the result is obvious for i = 1, and hence м' = rs. 


For i = 2 we have, 


P ха, = БЫ + 20 — Wy) using (1) 


= a lew + qo) + (dip + 40) — (bip + wy using (2), (3) and (4) 
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Ш 


(ү d Б) + ia dg. cw 
=c, td, +e, – ы. using (5) 
Assuming the result for (i — 1), we have 


2 ха, = 


| X ХУ + Sens + акр 7 м.) 
pui Py tks 


Jthei-l 


= al > X(Yk + Zk +a, = o] 


il 


l 
plep + d., - c.) + (dip + 9,1-4) + C + di; + e - 5i) 

= (bip + W'a nd bl 
=ctd+e-b 


The result follows from induction. 


4. SECTION II 


In this section we have shown that О, is a PID. Moreover we have used the concept 
of the carry-out sequences to determine the invertible elements of Qy 


Proposition 4.1. О, is an integral domain under the addition and multiplication as defined 
in 2.5 and 2.6. | 


Proof. Obviously О, is closed under addition and multiplication as defined in 2.5 and 
2.6. Commutativity in О, w.r.t. addition and multiplication follows from (c) and (d) in the 
Remark earlier. Moreover 0 = (0, 0, 0....} and e = (1, 0, 0,...) will serve as the zero element 
and identity element in Qy For any x (# 0) € 9, if о(х) = m and [x + w(x)] = a, then by 
proposition 3.3, 
о(а) = м + 1 апа =1 Vi2m-cl 
If we take w(x) = x' and x + x' = z, then 
Xx tx, ta Sapt Мі = 0, 1, 2,.... (1) 
For i < m, x, + x'; = 0 = a, which implies that z, = 0. 
For i = m, x, + x, = p and a, = 0, which implies that Za = 0. 


For i > m, x, + x, = p — 1 and a, = 1, which implies that z, = 0. 
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So x, + х'| = 0, which assure the existence of the negative of any element in 9р. 


For апу x, y, 2 є Ор if [x + y] = a [(x + у) + 2] = b, [y + 2] = c and 
[x + (у + z)] = d then by proposition 3.7 a + b = c + d. 


If (x + y) +2 = w and x + (у + 2) = w then 
Wi; — W' = (а; + b) - (с + d)) - ((a,, + b, – (с + di)p Vi = 0, 1, 2... 
= 0 we. 1:2. 

This proves associativity in О, under addition. 

If (xy)z = м and x(yz) = q' it follows that 

X Очу)» + Xa Ж) = | La, 3: *Wep Vis 1, 2, 3. 


fth+s=1- rts=i-] [8-1 
and | X худ) +( Усх; + dii | -( Усх; + 4)» +91 Wi = 1, 2, 3... 
ј+А+8=1-1 г+8=1—1 / г+$= 
Ву Proposition 3.8 и follows that w'_, =q'_, Vi = 1, 2, 3,... Le. (xy)z = x(yz). 
Let x, у, 2 € О, such that xy = 0. If possible, let neither x nor y is zero and (x) 


=m, @(у) = n. As xy = 0, 


E Xyy + Amen — Amani: P = 0 where [xy] = a 
Ј+А=т+п 


mens P Г ФХУ] > m + n] 


=> xy, =a 
=> X,Y, = 0 (mod p) 
— хи = 0 (mod p) or y, = 0 (mod p). 
> Xm = 0 or y, = 0, a contradiction. 
So, О, is without zero divisor and hence Оо, is an integral domain. 
Proposition 4.2. О, is PID. 
Proof. From the definition 2.3 we have, 
THQ) = {х є Qox) 2 k}. 
As 0 є TCQ) THQ) = ф. 
For any х,у Е ТО) and ге О, we have, 


olx — y) = ok + yy) > @(х) + a(y(y)) = @(х) + oly) 2 2k > k. 
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Hence x- y є 9. 
In case x = 0 or r = 0, rx є TKQ,). 
Let us assume that neither x nor г is zero and @(x) = m > К, o(r) = n. 


If rx = z, then 


L Xtra, =ayptzZ Vi = 0, 1, 2... where [rx] = а 
Jt i-i 


Va cAagp*z Viemetn. 
As G([xyD > m + n, it follows that, 
z-0 Vi«m.-mn. 
Hence 0(2) > m + n > К and therefore rx є ТК (Q,). 
Thus TO.) is a proper ideal of Q, Vk = 1, 2, 3,... 
Obviously, 


Q, > T(Q,) > TXQ) > ..> NT (Qj) = (0). 
k20 


For any x € ТО), we take у = [xy хур.) € Q, so that 
[TKe)ly = x. 
So T*(Q,) is a principal ideal generated by T*(e). 
Let us choose a nonzero proper ideal I of o, and let x (= 0) Е I. 
We now consider the set À given by, 
А = {©(х) | x(# 0) e I} ¥ 6. 
Let m be the least element of A. 
Now, у є I апі (у) = п > т < п 
> ТО) > TXQ). 
—ye TQ). 
This proves that I c T™(Q,). (1) 
For a( 0) € I with @(а) = m we consider и = {a,, dod so that 
T"(e)ju = а 
=> Т"(е) = au! є 1. 


So, ТО) < I (2) 
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From (1) and (2) we obtain, 
I= T™(Q,). 
Hence О, is a PID. 


We conclude this paper with the following necessary and sufficient condition for the 
invertibility of a nonzero element in Qy 


Proposition 4.3. An element x (+ 0) € О, is invertible if and only if @([х + wx)D=1 
Proof. Let x be invertible. Then x, # 0 and hence w(x) = 0. 
ох + y(x) = 1 [By Prop. 3.3] 
Conversely, let (x + y(x)] = 1 and [x + w(x)] = a. 
If w(x) = x, 
X +x таза: рт Vi=0, l, 2, 3,.. 
n Xot xX yp mper [+ а = 0. а = 1] 
=> Xo + Xy2p 
=> х= 0 


Hence x is invertible. 
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RELATIVE ORDER OF AN ENTIRE FUNCTION 


B.C. CHAKRABORTY AND CHHANDA Roy 


ABSTRACT : Following Bernal [1] we consider relative order Dg (f) of an entire function f relative 
to the entire functiong e. We have obtained a relation between ^ and n, (r), the number of zeros of 
[т B(0,. We have also obtained a few relations between А апа Ly (r), Ve (r) where H (r) is the 
maximum term of the power series representing f for |z| = г and у, (г) is the rank of the maximum 
term д, (r). Finally, we have shown that P; (fj = fj) = max (o, (А), Р, (f,)} where [^ (fj) = Pg (Р). 


Key words : Relative order, maximum term, rank of а maximum term. 


A.M.S. Classification : 30D. 


1. INTRODUCTION 
Let f be a transcendental entire function and M, (7) = па If (z)|. It is well known that 


M, (r) increases infinitely faster than M, (r), where p is any polynomial; that is, 


So, to measure the growth-rate of an entire function, as determined by its order, the 
conventional scale is the exponential function. That is, the growth-rate of an entire function 
f is measured relative to the growth-rate of the exponential function : exp (z). The problem 
is : relative to this scale, every polynomial is of order zero, that is, all the polynomials have 
the same growth-rate even though a polynomial of higher degree grows faster than a polynomial 
of lower degree. 


The solve this problem, Berna [1] took an arbitrary, but fixed, entire function, say g(z), 
as the measuring scale. He then defined relative order of an entire function f with respect to 
g. Now different polynomials may have different growth-rate with respect to g, if we take a 
fixed polynomial as g. However, if g(z) = exp (2), all the classical results on the growth of 
an entire function will follow. 
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2. DEFINITIONS AND NOTATIONS 


Let f, g be non-constant entire functions. Then, M, (r), M, (r) are strictly increasing, 
increase to oo, and continuous functions of r and the inverse function Mr =! (n: (Roo) > 


(0,0) exists and lim Mj' (г) = œ. Bernal [1] defined the relative order of f with respect to 
2 >> 
2, denoted Р,» аз follows : 
Py = р, (f) = inf {k>0 : М, (r) < M, (70) for all r > rg (Ю}. 


log М; (М, (т) 


It easily follows that р, (f) = lim sup my 


roo 
From the definition it immediately follows that 
(i) If f be a transcendental entire function and g be a polynomial, then ГА (f) = oo. 
(ii) If f be a polynomial and g be a transcendental entire function, then р, (f) = 0. 


To exclude these two extreme cases, it is desirable to take the measuring scale g as a 
polynomial when we measure the growth of a polynomial and g as a transcendental entire 
function when we measure the growth of a transcendental entire function. 


§ 3. 


Theorem 3.1. Let f be an entire function with finite relative order Pe having infinite 


number of zeros such that f (0) = 0. If n, (г) denotes the number of zeros of f in B(0;r), 
then given => 0, there exists ry such that for r>rp. 


n((7) < wat cy nel MI) - оило, where К > 2. 


Proof. We take ап arbitrary positive number г and let о, .............. , @,, be the zeros of f in 
z 
B( г) Let 92) = f 
г 
“| On 





. By maximum 


EA Myr 
Then ф (0) = f (0) = 0. For |z| = r, we have, H > k and bol < i" 


modulus theorem, |ф(0)| < EO and sd (k-1" < 10 


(k - 1)" Foy” 
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Hence, 


m= n/(t) s ato (log M, (r) — log 0)... (1) 


Since f is of relative order p,, for a given => 0 there exists a positive number гу such 


that M, (r) < M, (r°***) for all г> го. From (1) it follows, 


n (4) < ue Tak yie М, ("=") - КОХ, for r»r; and k>2. 


Corollary. If f be an entire function with finite relative order, p,, then for => 0, 


"(5 ) = ов M Mr Pe "J 


Theorem 3.2. If f be an entire function with finite relative order р, еп 


ЫГА 
Nya), 
m M; оо 
р. S nc 
5 КУБ ETT 


log М (п) Му) ud 


. LI ij th ICE 
Proof. T. Vijayaraghavan [4] prove that М a(r) = logr T 


rM opr) 
у! 


That is, M,(r) <r Mf) Since M is an increasing function, we have, 


Мао) 
M 

ов МЦ /?) logM;(Mj(r) 

lim = 2 lim sp— p; ee 
L> ogr r> ogr 
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$ 4. 


Let f(z) = Уа" n (1), be an entire function. The mixmum term p, (r) of the 


n=O 


series (1) for |z| = r is defined as 
ну) = тах” (2) 
The rank о, (г) of the maximum term Hy (r) is defined as : 
v (г) = max (n : ну (г) = la, |r"). 
Theorem 4.1. If f be an entire function with finite relative order Py then 
dog Mz (r7 7) 


р» < lim sup logr 


Po 


< 2р, 


where у (ғ) is the rank of the maximum term д (г). 


Proof. From theorem 3.2 we have, 


7M уг) 
| log Mg M f ir) ) 
p, S limsup 
ro ogr 


Valiron [3] had shown that rM, (г) ~ о, (r) M, (r). Hence, 


log M; (r^ M 
p, < limsup—————— au CD 
£ Ns log 


Again, from the definition of p,, М, (г) < M, (е) for => 0 and r2 ry- 
Hence M 2 (M, (n) < r’s** But from the equation [3], 


гу, (Хх 
log нуи) = log pt r9) + лыч we have, 


2 2 
vy(r)ogr < [ы шун < шу" = ови (r^). 
i в - 
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Hence. 7) < ду (12), that is, log Mgr) < log M;! (ду (P). 
Since log дү (r) ~ log М, (r), log Mz (r^ ) < log Mg! (М, (r2). 
So, log M; (r7 ^ ) < 2(p,*à) log r. Hence, 


log M, (rt o) 


lim sup 
logr 


bmp 


< 2p, A (2) 


combining (1) and (2) we get the result. 


Corollary 1. 


IM GM 
И My (1) 
p, S lim jupieEM 9 S 2р,. 
NEA logr 


Proof. The corollary follows from the relation rM, (r) ~ v (r) M, (r). 


Corollary 2. 
nup 
log M; (r 0? ) 


pg S lim sup eT 


1—5 


< 2p. 
Proof. Let Un (r) be the rank of А (г). We have, [2], 


уу) 
Bar) 2 By ©). corollary 2 now follows. 
Theorem 4.2. If f and g are non-constant polynomials of degree m and n respectively, 
then the relative order of f with respect to g, р„(/) = P 


Proof. Let f(z) = ay + а + s + aZ", a,, * 0, m > 1 and 
Bz) = Dy + ру +... + bz b, #0, п 2 1. 
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We have. for small = > 0 and large г(=|2]). 

lr" (0-2 $ MO < lar (1+в) a d) 
and |j" (1-9 < M, (P) S bl" 1+8) ca (2) 
From (2), М! ЦБ" (1-8) < r. Taking |6," (1-е) = t we get. 


Ип 


Un 
$ 1, r 
| (ае x Hen Aas (а) 


log M; (M log М! "(1 += 
g g ( j 0€» < lim sup В g (ar ( )) А 


Now. p,(/) = іт sup 
$ r> logr 


logr 


rn 


Since M is a monotonic increasing function. 


lon lay r^ + el Lig аша + =) 
А |b (1 е) m А n i а - =) т 
5 limsup s 2 + limsup- = Л. 
2p» ogr n PRO logr n 
Again, from the inequality r < М, -I (|b |r"(1 + £)) we can similarly show that p, C/) > x 


in 
Hence, p,C/) 2 5. 


Corollary 1. Ps (f) = 1 if and only if f and g have the same degree. 


Corollary 2. Let f, g, h be three non-constant polynomials. Then, р, = р, (h) if and 
only if f and h have the same degree. 


To prove the next theorem we need the following lemma : 


Lemma [1]. Let f be an entire function, а > 1, 0 < д «a. Then, ВМ; (г) < М; (ar) 
for all large r. 

Theorem 4.3. Let p, (f,), p, (Б) be the relative orders of the entire functions f, and 
f, respectively. Then, D, (f, + fj) S max (o, (fj. р, (f,)). Moreover, if Pe (А) = Pe (f,), then 
D, (fj € 5) = max (р, (А), Py (5) 

Proof. If at least one of D, (fj). D, (f,) is infinite, then the result is obvious. So we assume 
both of them to be finite and р, () = p, (f5). Let 6 = f, = f». 


Now, M,G) < М7") and Ma c) < М, (792%) for all rry 6» 0. 
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So. My(r) < Мо) + My (r) < 2M, (0° 8") < M. (3798 70**) for all large т (by the 


lemma). Hence, M, (Ms) < 3jP8 D*E and so 


log Mz (Mr) 


lim sup - sp,(f)te 
mes logy di 
Since £ > 0 is arbitrary, p, ($) < Bg О) ee (1) 
Further, we assume that p, (/) > р, (5). There exists a sequence of numbers r,, tending 


pee ot) 


to infinity such that Му (т) > Mr; for any є > 0. Hence 


(Л)- (f2)+ 


Mg 


mei 


( +E 
(= Р) ) 


= М 


Ре(Л)—® 
Bro l- 


M pP 2+ 

We can make Е sufficiently small by choosing & so small that р; (5) + 
M [72877 

gin 


Е < p, (А) - Е and n sufficiently large. Then, мус) > $M (2), that is 


2M,(G) > м Дл a By the lemma, Му(Зл,) > м) for suffciently large п. 


Hence, 
log М; (M 3) 
р р (fi) – E. 
SER log 3r, EH 
Since € > 0 is arbitrary, ©, (@ > D, Q) — (2) 


From (1) and (2) we have, 
р, F) + Ф) = max(p, (А), р, (5). when p, F) * p, (5). 
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